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Kinetic models

» Newton’s Second Law of Motion:
V=X, =F(X,V)

» The distribution p; = p(dx, dv) := P o (X, V,)f1 solves the following kinetic
equation:

Oty +v - Vape + divy (Fpe) = 0
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Kinetic models

» Newton’s Second Law of Motion:
Vr = Xt = F(Xt, Vt) + \ﬁBz

» The distribution p; = p(dx, dv) := P o (X, V,)f1 solves the following kinetic
equation:

Ot +v - Vg + dive(Fr) = Ay pu.

» Mesoscopic (Boltzmann equation) and macroscopic (Navier-Stokes equations),
...., Villani, Lions, Golse, Bouchut, Imbert, Mouhot, Silvestre, Guo, Mourrat, ...

» Microscopic (Kinetic SDEs) and mesoscopic (Boltzmann equation):
Tanaka 1978, PTRE., Mischler-Mouhot 2013, Invent.,...

» Difficulty: degenerate parabolic PDE.
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Kinetic SDEs and Euler-Maruyama scheme

» Kinetic SDEs:

Xm == %d[,
dV, = b(X,, V;)dt + dB,.

» Letn € Nand k,(¢) := [nt]/n. Euler-Maruyama scheme:

dX; = v/ds,
avy = b(X;'”(,), Vk’:](,))dt + dB;.
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Euler-Maruyama scheme
» Letn € Nand k,(¢) := [nt]/n. Euler-Maruyama scheme:
dX; = v/ds,
{dV," = b(X}, (1), Vi.(1))dt + dB:.
» Leth:=1/n. Fors € [kh, (k + 1)h],
(k+1)h

X(er1yn = Xin + / Vids,
kh

Vi = Vi + (s — kh)b(Xgn, Vi) + Wy — Wi

» Recursive relation:

Xn n n n n
(V(rf-H)h) = Fy(Xin, Vi) + &k (D
(k+1)h
where k =0,1,2, ...,
Fi(x,v) = (x+ hv + éb(r,x, v)) - ( kikH)h(W“ — th)ds) ‘
' v+ hb(x,v) ’ Witnyn — Wi

» & are i.i.d. Gaussian random variables with covariance matrix
h3 hZ
gzﬂdxd S lixa
; .
5 laxa hlixa
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Selected results

» (Lemaire-Menozzi, 2010. EJP) b is bounded:
Weak convergence: Po (X", V")~ = Po (X,V)™ !, asn — co.
(Heat kernel estimates)
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Selected results
» (Lemaire-Menozzi, 2010. EJP) b is bounded:

Weak convergence: Po (X", V")~ = Po (X,V)™ !, asn — co.

(Heat kernel estimates)
» (Leobacher-Szolgyenyi, 2018. Numer. Math.)
b is piecewise continuous and bounded:

1
E (sup (X, Vi) — (X:’,V:‘)|) Snoat
t€[0,1]
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Selected results
» (Lemaire-Menozzi, 2010. EJP) b is bounded:
Weak convergence: P o (X", V")™! = Po (X,V)™',as n — oo.
(Heat kernel estimates)
» (Leobacher-Szolgyenyi, 2018. Numer. Math.)
b is piecewise continuous and bounded:

1
E (sup (X, Vi) — (X7, V:‘)|> Snoat
t€[0,1]

» (Question)
> What about the singular case like

bx,v) = x/]x| 777, 4> 07

> Can the convergence rate be improved?
» Letp,,py € [1,00]. Define the mix L” space with the norm:

el = | |
;

Py
Px

|b(x, v)[P*dx| dv

4
R{

518



Kinetic semi-group and transport

X, Vi) = (/0’ Bsds,B,> .

» Heat kernel estimate: (Kolmogorov, 1934): p,(x,v) ~ (X;, V1),

» Leth =0.

pilorv) = (dme*/3) " exp (= (Bl + 3 — 20P) /(47 )

> (Chaudru-Menozzi-Pesce-Zhang, 2023. Bull. Sci. Math.),
(Ren-Zhang, 2025. Bernoulli) ...

» Kinetic semi-group:
Pf(x,v) =Ef(x + v+ Xi, v+ Vi) = Ti(pe ) (x,v) = (Tups) * (Tf ) (x, v),
where the transport operator I'; is defined by
Lif (x,v) :=f(x+tv,v).
> OPf = (3A0+v-Vi)Pf.
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Kinetic scaling

» Recall kinetic SDEs:

Xm = Vldty
v, = b(X,, V,)dr + dB..

» Scaling (b = 0):
2

evt 1
(stn ezt) = (/ BSdS,Bsz,) = (/ EzBszs’dsl?Bszt)
0 0

@ 3 ! / /3
= (e Byds',eB;) = (7 X;,eV)).
0
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Kinetic scaling

» Recall kinetic SDEs:

Xm = Vldty
dV; = b(X;, V;)dt + dB;.
» Scaling (b = 0):

2

evt 1
(stn Vezt) = (/ BSdS,Bsz,) = (/ EzBszs’dsl?Bszt)
0 0

@ 3 ! / /3
= (e Byds',eB;) = (7 X;,eV)).
0

» Anisotropic scaling: X : V =3:1.
>
pi(x,v) =17y (1 2 x, ).
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Well-posedness

» Kinetic SDEs: V = X,
dXt = b(Xt7Xt)dt + dBt.

» Weak well-posedness [Weak existence + Uniqueness in law]

> (Chaudru de Raynal-Menozzi, 2021. TAMS) b€ Lf,,| ¥ < 1|

> (Ren-Zhang, 2025. Bernoulli) Kato class, b € LIy, | 24 4 &4 < 1|
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Well-posedness

» Kinetic SDEs: V = X,
dXt = b(Xt7Xt)dt + dBt.

» Weak well-posedness [Weak existence + Uniqueness in law]

> (Chaudru de Raynal-Menozzi, 2021. TAMS) b€ Lf,,| ¥ < 1|

> (Ren-Zhang, 2025. Bernoulli) Kato class, b € L*L}, ;—f + p% <1}

» Strong well-posedness [Strong existence + Pathwise uniqueness]

2
> (Chaudru de Raynal, 2017. AIHP) b € CX3+ n C(V)"'.
(Wang-Zhang, 2016. SIAM) Dini continuous.
(Fedrizzi-Flandoli-Priola-Vovelle, 2017. EJP)

1
(1-A)3Thell, p>6d

1
(Zhang, 2018. Sci. China) (1 — A;)3b € LF,, p > 6d.

v v

v
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Well-posedness

» Kinetic SDEs: V = X,
dXt = b(Xt7Xt)dt + dBt.

» Weak well-posedness [Weak existence + Uniqueness in law]

> (Chaudru de Raynal-Menozzi, 2021. TAMS) b€ Lf,,| ¥ < 1|

> (Ren-Zhang, 2025. Bernoulli) Kato class, b € L*L}, ;—f + p% <1}

» Strong well-posedness [Strong existence + Pathwise uniqueness]

2
> (Chaudru de Raynal, 2017. AIHP) b € CX3+ n C(VH'.
> (Wang-Zhang, 2016. STAM) Dini continuous.
> (Fedrizzi-Flandoli-Priola-Vovelle, 2017. EJP)

1
(1-A)3Thell, p>6d
1
> (Zhang, 2018. Sci. China) (1 — A,)3b € LF,, p > 6d.

» Distribution drift: (H.-Zhang-Zhu-Zhu, 2024. AOP), (Issoglio-Pagliarani-Russo-
Trevisani, 2024.), (Chen-H.-Zhang, 2025) ...
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Our aim

» Letpy,p, € [2,00] with

3d , d
px+l7v<1.

| be | (1—A)sb el

Strong well-posedness

Well-known: | Weak well-posedness ifpe = py > 6d

Strong well-posedness &

Our aim: Weak convergence
Strong convergence
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Tamed Euler-Maruyama scheme with time transport

» Recall ’ i f(x,v) == f(x+1v,v) ‘ and let , where for a smooth

probability density function ¢ and 6 > 0,

Gn(x,v) == n*p(nx,n%).

» Tamed Euler-Maruyama scheme:

dx; = Vi'de,
AV =T, 0 bn (X5, 1 Vi, (1))dt + dB.

10/18



Tamed Euler-Maruyama scheme with time transport

» Recall ’ i f(x,v) == f(x+1v,v) ‘ and let , where for a smooth

probability density function ¢ and 6 > 0,

Gn(x,v) == n*p(nx,n%).

» Tamed Euler-Maruyama scheme:
dx; = Vi'de,
AV =T, 0 bn (X5, 1 Vi, (1))dt + dB.

» Benefits of adding I',_,(;):
LetX, := fot Bids and f(x, v) = f(x) be a Lipschitz function.

b (Without T, () : BIF(X) —F(Xey0)| < Wfllp [} 525 S n "
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Tamed Euler-Maruyama scheme with time transport

» Recall ’ i f(x,v) == f(x+1v,v) ‘ and let , where for a smooth

probability density function ¢ and 6 > 0,

Gn(x,v) == n*p(nx,n%).

» Tamed Euler-Maruyama scheme:

dx; = Vi'de,
den = Fz—k,,(/)bn(xzn(t)> l:ln(t))dt +dB:.

» Benefits of adding I',_,(;):
LetX, := fot Bids and f(x, v) = f(x) be a Lipschitz function.

> (Without T\ () ¢ EIF(X) — F(Xey0)| < [l . ' /2ds S "
> (With Ff,k”(/)) :

t
E[f (X)) = Tt of Xty ()| < I llzip / E[Ws — Wy, (5)|ds
t

kn

t
5/ (s — ka(s))2ds < n /2
kn (1)
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Tamed Euler-Maruyama scheme with time transport

» Recall ’ i f(x,v) == f(x+1v,v) ‘ and let , where for a smooth

probability density function ¢ and 6 > 0,

Gn(x,v) == n*p(nx,n%).

» Tamed Euler-Maruyama scheme:

dx; = Vi'de,
AV =T, 0 bn (X5, 1 Vi, (1))dt + dB.

» Benefits of adding I',_,(;):
LetX, := fot Bgds and f(x, v) = f(x) be a Lipschitz function.

> (Without T\ () ¢ EIF(X) — F(Xey0)| < [l . ' /2ds S "
> (With Ff,k”(/)) :

t
E[f(X1) = Tt (if Xiy )| < |lf||Lip/ E[Ws — Wy, (5)|ds
t

kn
t
S (s — ka(s))/?ds S n /%
kn (1)

> Pf — f is replaced with P,f — I';f (Imbert-Silvestre, 2021. Anal. PDE), (H.-
Zhang-Zhu-Zhu, 2024. AOP), (Zhang-Zhang, 2024. AAP), ...
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Weak convergence
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Main results

» Assume that b € L[} with

4o,

3d
o= = +
Px Py

Theorem 1
Let 6 € (0, ] Forany T >0,

sup 1YV Po (X, V) —Po (X V) e <7 400
t€[0,7]

» When b is bounded, we can replace b, with b and have

1
sup [[Po (X, Vi)™ = Po (X!, Vi) flvar S 172
t€(0,7]
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Remarks:
(i) We don’t need any continuous assumption on b.
(i) When b = b(v), the kinetic SDE reduces to

dV; = b(V;)dr + dB.. 2)
We can replace the taming b, := b * ¢, with

[b()| A (Cn*?)

blr) = =)

b(v)

for some constant C > 0.

In (Jourdain-Menozzi, 2024. AAP), where b € L’ withp > d and 6 = 1/(2c),
they obtained the convergence of the density, which in particular implies
1—=d/p

2

HP o (Vf)il —Po (Vln)71||var ,.S n

In contrast, our weak convergence rate is 1,/2, which is independent of p.
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Strong convergence
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Main results
» Assume that b € B(Bp )i (anisotropic Besov space) with 8 € (0, 1),

— 3d d
7.——6+E+E<17

and assume
1
(1 — Ax)3b (S U5>OB?anpv)§a'
> B~ (1= Ay S n [0 - a) fren].

Theorem 2
» Under the assumption (3) with o < 1, the strong well-posedness holds.
» If~v >0, then for any 0 € (0, %], e>0,T>0andm> 1,

(E

» Ify <0, then b € Ly, we can replace the taming b, with b and have

1
n -
<IE |:sup |(X:, Vi) — (X7, V,")m:|) <n ozt

t€[0,7]

1€[0,7]

"o B (4 pote
sup (XT,VI)(X;laV;L)|m:|> S Tt

3
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» Under the assumption (3) with « < 1, the strong well-posedness holds.
» If v > 0, then for any 6 € (0, %],6 >0,7>0,andm > 1

<E

» Ify <0, then b € L5, we can replace the taming b, with b and have

m 148
sup [(X:, Vi) — (X7, Vt")l'"} > Snow gt
t€[0,7]

Ll

t€[0,7)

4B,
(E[sup |(X,,Vf)(X:‘,Vf)’"D Snoo e

Remarks:
(i) Strong well-posedness holds without assuming p, = p,, covering both cases

b =b(x) and b = b(v).
(i) The strong convergence rate exceeds 1/2 when

y<1/2 and 6e (1/2(1—7)),1/(27)].

(i) When b = b(v), our results coincide with those in (Dareiotis-Gerencsér-Lg,
2023. AAP, Lé-Ling, 2025. AOP) for non-degenerate SDE.

8
(iv) When b = b(x), the condition becomes to b € B} . In other words, we achieve
a convergence rate of ”2—3 assuming that b has regularity %
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Main results

Theorem 3 .
Assume b = b(x) € C3 with some 8 € (2,3). Then we can replace b, with b and
have

<E

" 48,
sup |<x,,v,>—<x;’,v;’)|’"D S
1€(0,7]
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Main results

Theorem 3 .
Assume b = b(x) € C3 with some 8 € (2,3). Then we can replace b, with b and
have

1

" 48,
sup |<x,,v,>—<x;’,v;’)|’"D S
1€(0,7]

<E
» Strong convergence: The strong convergence exceeds 3/2 and approaches 2 as

v — 1.
» Reason: This is due to the second-order construction and our scheme:

dV,n = Ft—l<,,(r)b(XZn(z)a V;:l"(,) )dl‘ + dB;
= b(X}, ) — (1 — k(1)) X, ) )dt + dB,.
» Relation to the Milstein scheme:
v = [b(Xi, ) — (t = ka(0) Vit - VD(Xi ()] dt + dB;

» Related work: A similar scheme was studied in Vanden-Eijnden and Ciccotti
(2006, Chemical Physics Letters) for very smooth b:

n 1 n n
avy =5 [b(an(,)) +b(X +%)] dt + dB,.
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Purely discrete scheme
» Assume b is bounded. Consider the purely discrete scheme:
X! =&+ [, Vids,
Vi =0+ fo Te -k (X (s Vit ())ds + Br.

» Weak convergence:

[SE

sup ||Po (X!, V)" —=Po (X, V)"

1€[0,7]

<n
var

2 2
» Strong convergence: assume that b € C; N CY with 8 € (0,1) and b € c:t,
then for any € > 0,

H sup |(X:, Vi) — (X7, V/' n

<
t€[0,7] )| ||Lm(9) ~
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Purely discrete scheme
» Assume b is bounded. Consider the purely discrete scheme:
X! =&+ [, Vids,
Vi =0+ fo Te -k (X (s Vit ())ds + Br.

» Weak convergence:

[SE

sup ||Po (X!, V)" —=Po (X, V)"

1€[0,7]

<n
var

3 2
» Strong convergence: assume that b € C; N C? with 8 € (0,1) and b € C§+,
then for any € > 0,
148
H sup (X, Vi) — (X7, V/ - te
t€(0,7]

Thank you for your time and attention!

Merci beaucoup!
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