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Kinetic models

» Newton’s Second Law of Motion:
Vi=X =F(X,V)

» The distribution i, = p,(dx, dv) := P o (X, V,) ™" solves the following kinetic
equation:

Oite +v - Vi + diVu(F/M) =0

» Maxwell 1867; Boltzmann 1872; Vlasov 1938; Landau 1936;

Chapman-Enskog method 1970:
Mesoscopic (Boltzmann equation) and macroscopic (Navier-Stokes equations),
...., Villani, Lions, Golse, Bouchut, Imbert, Mouhot, Silvestre, Guo, Mourrat, ...
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Kinetic models

» Newton’s Second Law of Motion:
Vi =X, = F(X,, V\) + V2B..

» The distribution i, = p,(dx, dv) := P o (X, V,) ™" solves the following kinetic
equation:

O + v - Vg + divy(Fre) = Ay g

» Maxwell 1867; Boltzmann 1872; Vlasov 1938; Landau 1936;

Chapman-Enskog method 1970:
Mesoscopic (Boltzmann equation) and macroscopic (Navier-Stokes equations),
...., Villani, Lions, Golse, Bouchut, Imbert, Mouhot, Silvestre, Guo, Mourrat, ...

» Microscopic (Kinetic SDEs) and mesoscopic (Boltzmann equation):
Tanaka 1978, PTRE., Mischler-Mouhot 2013, Invent.,...

» (Difficulty): degenerate parabolic PDE;
the transfer of regularity between x and v.



Kinetic SDEs and scaling

» Kinetic SDEs:

dXt == thl,
dV, = b(X,, V;)dt + dB,.

» Scaling (b = 0):

2

g7t 1
(Xazﬁ Vszt) = (/ BSds7Bazt) = (/ 6235251(15‘/,362,)
0 0

@ , 3 ! / /3
= (e Byds',eB;) = (¢°X;,eV)).
0
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Kinetic SDEs and scaling

» Kinetic SDEs:

dXt == thl,
dV, = b(X,, V;)dt + dB,.

» Scaling (b = 0):

2

et t
( Etvvzt)f(/ BSds7Bazt):(/ ‘C:Bz’ds7B£2t)
0 0

@ / Byds',eB)) = (£'X,, V).
0

» Anisotropic scaling: X : V =3:1.

» Heat kernel estimate: (Kolmogorov, 1934): p(x,v) ~ (X;, V;) with b = 0,

pilv) = (4t /3)" exp (= (BIf + [3x = 20)/(4r"))

> pi(x,v) =t 2p (17325, 1/2),
» (Chaudru-Menozzi-Zhang, 2023. Bull. Sci. Math.), ...
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Well-posedness
» Kinetic SDEs: V = X,
dX, = b(X,, X,)dr + dB,.
» Weak well-posedness [Weak existence + Uniqueness in law]
> (Chaudru de Raynal-Menozzi, 2021. TAMS) b € L%,

> (Ren-Zhang, 2024. Bernoulli) Kato class, b € LILZ L2,

2 4d

;+7<1.
2 3d d
§+IZ+PT<1
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Well-posedness
» Kinetic SDEs: V = X,
dX, = b(X,, X,)dr + dB..
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2
b (Chaudru de Raynal, 2017. AIHP) b€ C? T N Co+.
> (Wang-Zhang, 2016. STAM) Dini continuous.
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Well-posedness

» Kinetic SDEs: V = X,

dX, = b(X,, X,)dt

+ dB;.

» Weak well-posedness [Weak existence + Uniqueness in law]

> (Chaudru de Raynal-Menozzi, 2021. TAMS)

> (Ren-Zhang, 2024. Bernoulli) Kato class, b € LILZ L2,

beLlL,,

2, 4d
q+p<1.

2 3d d
§+E+;<1.

» Strong well-posedness [Strong existence + Pathwise uniqueness]

v VvV VvV

v

2
(Chaudru de Raynal, 2017. AIHP) b€ C? T N Co+.
(Wang-Zhang, 2016. SIAM) Dini continuous.
(Fedrizzi-Flandoli-Priola-Vovelle, 2017. EJP)

1
(1-A)3Thell, p>6d

1
(Zhang, 2018. Sci. China) (1 — As)3b € L7, ,,

(Our results) There is some 3 > 0,

W=

(4+(1-A)F —A)T(1-A)

2 3d d
ot <ty

b,

3d d
;+17v<1.

(Hp)
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Well-posedness
» Kinetic SDEs: V = X,
dX, = b(X,, X,)dr + dB..
» Weak well-posedness [Weak existence + Uniqueness in law]
> (Chaudru de Raynal-Menozzi, 2021. TAMS) b € LILE,,| 2+ % < 1|,

> (Ren-Zhang, 2024. Bernoulli) Kato class, b € LILZ L2, % + ;—‘: + P% <1}

» Strong well-posedness [Strong existence + Pathwise uniqueness]

2
(Chaudru de Raynal, 2017. AIHP) b€ C? T N Co+.
(Wang-Zhang, 2016. SIAM) Dini continuous.
(Fedrizzi-Flandoli-Priola-Vovelle, 2017. EJP)

1
(1-A)3Thell, p>6d
1
> (Zhang, 2018. Sci. China) (1 = Ax)3b € L, | >+ 2 + 5 < 1|,

v VvV VvV

v

(Our results) There is some 3 > 0,

1 8 1
I+ (1=A)% —A)Z(1 - A)Fb e LIy, | 2 + 4 < 1| (Hp)

» Distribution drift: (H.-Zhang-Zhu-Zhu, 2024. AOP), (Issoglio-Pagliarani-Russo-
Trevisani, 2024.) ...

» Lévy processes cases: (Chen-Zhang, 2018. IMPA), (H.-Wu-Zhang, 2020. JIMPA),
(Marino-Menozzi, 2023. SPA)... 3/7



Euler-Maruyama scheme

» Letn € Nand k,(t) := [nt]/n.

{dX{’ = Vndr,

Vi = b(X],

) V,Z’”(t))dt + dB;.
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Euler-Maruyama scheme

» Letn € Nand k,(t) := [nt]/n.
dX} = V]'dt,
dVi' = b(X} ), Vi ())dt + dB;.

» (Lemaire-Menozzi, 2010. EJP) b is bounded:
Weak convergence: Po (X", V*)~! - Po (X, V)" !, as n — oc.
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Euler-Maruyama scheme

» Letn € Nand k,(t) := [nt]/n.

dxy = vidr,
Vi = b(XE (), Vi, ()4t + dBr.

» (Lemaire-Menozzi, 2010. EJP) b is bounded:

Weak convergence: P o (X", V*)~! — Po (X,V)"!,as n — oo.

» (Leobacher-Szolgyenyi, 2018. Numer. Math.)
b is piecewise continuous and bounded:

1
E | sup |(X, V) — (X, V)| | Snat.
t€[0,1]
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Tamed Euler-Maruyama scheme with time transport

» Let ’ Lo f(x,v) = f(x+tv,v) ‘ and
bility density function ¢ and 6 > 0,

by :=b* ¢y

, where for a smooth proba-

Gu(x,v) := n* p(n*x, V).
» Tamed Euler-Maruyama scheme:

dX;' = vide,
th'l = F'*"n(")b" (in(f)’ an(’) )dt + dBZ
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Tamed Euler-Maruyama scheme with time transport
bn = b x* ¢n

» Let ’ Lo f(x,v) = f(x+tv,v) ‘ and , where for a smooth proba-

bility density function ¢ and 6 > 0,

Gu(x,v) := n* p(n*x, V).
» Tamed Euler-Maruyama scheme:
dX; = Vide,
v} = F,,k”mbn (XZ,,@)? Vl?,l(x))dt + dB;.

» Benefits of adding I',_y,(;):
LetX, := fot Bgds and f(x,v) = f(x) be a Lipschitz function.
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Tamed Euler-Maruyama scheme with time transport
bn = b x* ¢n

» Let ’ Lo f(x,v) = f(x+tv,v) ‘ and , where for a smooth proba-

bility density function ¢ and 6 > 0,

Gu(x,v) := n* p(n*x, V).
» Tamed Euler-Maruyama scheme:

dX;' = vide,
v} = F,,k”mbn (XZ,,@)? Vl?,l(x))dt + dB;.

» Benefits of adding I',_y,(;):
LetX, := fot Bgds and f(x,v) = f(x) be a Lipschitz function.

> (Without T\ () ¢ EIF(X) —F(Xiy0)| < [l [} /25 S "
> (With F,,k”(,)) :

1
EWM—RWWWwMSMM/ E[W, — Wi, ylds
t

kn

t
5/ (s — ka(s))2ds < n /2
kn (1)



Main results

» Assume that b € L[} with
_3d d
Q=+ < 1.
Let 6 € (0, 5-).

Theorem 1

B Weak convergence:

1 1
/ HPO (va Vf)_l —Po (X;Iv V’n)—l Hvardt 5 f’l_5 +}’l_9.
0

B Strong convergence: Under the condition (Hg),

148/3 _ _
E |:sup |(Xt7 Vt) _ ()(;l7 th)|:| 5 n- 2 +e +n (B+1 0()9+67
t€[0,1]

» When b is bounded, we can replace b, with b and let § = +oc.

Ve > 0.
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Main results

» Assume that b € L[} with
_3d d
Q=+ < 1.
Let 6 € (0, 5-).

Theorem 1

B Weak convergence:
! 1
/ IPo (X, Vi)™ —=Po (X, Vi) fvadt Sn2 +07"
0

B Strong convergence: Under the condition (Hg),

14+8/3 | _ _ _
- |:Sup |(Xf7 Vf) - (X:l7 th)|:| ’S noo2 i +n s a)9+87 Ve > 0.
t€[0,1]

» When b is bounded, we can replace b, with b and let § = +oc.

» The key point in the proof: Littlewood-Paley’s type estimate for the heat kernel.

» Difficulty: p; * ps # pits; pr * (Usps) = Tsprys.
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Remarks:
(1) We don’t need any continuous assumption on b.
(ii) In contrast to (Jourdain-Menozzi, 2024. AAP) for b € L’ and

dX, = b(X,)d + dW,, (1)
1—d/p
2

IPo ()" —Po () w S

our weak convergence rate is 1 /2 when 6 € [1/2,1/(2a;), which is independent
of (px, pv).

(iii) The strong convergencerateis 1/2whena < 1/2and 6 € (1/(2(1-a)), 1/(2a)),
which coincides the results in (Lé-Ling, 2021) for SDE (1).
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(iii) The strong convergencerateis 1/2whena < 1/2and 6 € (1/(2(1-a)), 1/(2a)),
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Open questions:

(i) Is the convergence rate 1/2 optimal (especially for the weak case)?
(Ellinger-Miiller-Gronbach-Yaroslavtseva 2024)

(i1) When b(x,v) = b(x), would it be possible to improve the convergence rate from
310 4(=3/4)2
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(i) Is the convergence rate 1/2 optimal (especially for the weak case)?
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(i1) When b(x,v) = b(x), would it be possible to improve the convergence rate from
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Thank you!
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