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Part 1 : Introduction and our questions

o F = E E 9DAC¢
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a-stable processes

» Fix a € (0,2). Let L§ be an a-stable process with Lévy measure and v, with
the following form:

Vo (dy) =

where 4 is a finite measure on the unit sphere S~

» L has the following scaling property:

o d
A Lag)iso @ (Lt)¢>o0-

» We call Li* being non-degenerate if the Lévy measure v, is nondegenerate in the
following sense:

/d 1|wo-w\u(dw)750, Ywo € 471, (1.1)
cd—
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a-stable processes

» It is easy to verify that for any $1 < a < f2, positive number A and positive
measurable function f,

[ (™ Ayl vatay) < o,
R

d

[ 10uwatdn) =5 [ f@)va).
Rd Rd
» By Lévy-Khintchine formula, we have

E(expliLi€]) = e

where

v = [ (@~ 1= 2)n(de)



Example 1
When . is Lebesgue measure of S¢~1,

Va(dz) = 2|74 %dz, 9(€) =

We call this process the standard d-dim «-stable process.

—clé]* € C(RN\{0}).

DA
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Example 1
When 4 is Lebesgue measure of S~ 1,
va(dz) = |2| 77z, 9(€) = —cl¢|* € C=(R\{0}).

We call this process the standard d-dim «-stable process.

Example 2
When

where {e;}_; is a basis of R? with e; = (0, ..1(ith), .., 0). It is the Lévy measure of
process (Li, L2, ..., LY), where {Li}% ; are i.i.d. standard 1-dim a-stable processes.

d
W(E) =—c)_l&l* € CTRIN UL RITY),

i=1

where R&™! .= {¢; = 0}.
We call this process the cylindrical a-stable process.
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SDE driven by cylindrical a-stable process

Consider the following SDE driven by the Lévy process L",

(1.2)

dX] = [pa 0(Xi—, 2)N(dt,d2) + b(X,)dt,
XS: =z,

where 0 = (ai)le ‘R x RT - R b = (bk)zzl - R — R?, N(dt,dz) is the
Poisson random measure of Ly and

N(dt,dz) := N(dt,dz) — dtva(dz).
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SDE driven by cylindrical a-stable process

Consider the following SDE driven by the Lévy process L",

(1.2)

dX] = [pa 0(Xi—, 2)N(dt,d2) + b(X,)dt,
XS: =z,

where 0 = (0:)%; : R x R = RY, b= (b)f_, : R* = R%, N(dt,dz) is the
Poisson random measure of Ly and

N(dt,dz) := N(dt,dz) — dtve(dz).

Example 3

When L§* is a cylindrical a-stable process with o < 1, the infinitesimal generator of
X7 is £,

zZ.

Z fla+ou(z,2) - f(@)

|Z‘1+O‘
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Questions

» In what condition of o and b, there is a weak(or strong) solution of SDE (1.2)?
» If there is a weak solution, does the solution have (strong) Feller property?

» If the solution has (strong) Feller property, can we get the precise estimate?
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Assumptions

(H?) o(x,z) = A(z)z for some matrix value map A = (a;;) R* = R? ® R, there
is a positive number co such that for any z, y, £ € R? and all4,j =1, ...,d

o 1l < 1€ Az)E] < colél, (1.3)

lai,;(x) — ai;(y)| < colz —yl. (1.4
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Assumptions

(H?) o(x,z) = A(z)z for some matrix value map A = (a;;) R* = R? ® R, there
is a positive number co such that for any z, y, £ € R? and all4,j =1, ...,d

co 1€l < 1€+ A(@)€]| < colg], (1.3)
lai,;(x) — ai;(y)| < colz —yl. (1.4
(HY) For 8 € (0,1),
|b(z) — b(y)]

sup T < 00, (1.5)
0<|z—y|<1 “T—y|

» Notice that condition (H%l) implies (ng) if 81 > B2 and b(z) = x satisfies
(1.5) forall 8 € (0,1).

» We always assume that there is a weak solution X{ of SDE (1.2) and define

Pr(e) = BW(XT), PP =P



Well-known results

2006 (Bass-Chen)

There is a weak solution X of (1.2) when o is continuous, b = 0 and L} is a
cylindrical a-stable process.

DA
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Well-known results

2006 (Bass-Chen)
There is a weak solution X of (1.2) when o is continuous, b = 0 and L} is a
cylindrical a-stable process.

2010 (Bass-Chen)
Assume o(x, z) = o(x)z is continuous in variable z, b = 0 and L{ is a cylin-
drical a-stable process. If any bounded function h satisfies

h(z) = E[h(X7,)] foreveryxz € D

for some bounded domain D, then h is Holder continuous in D.
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Well-known results

2006 (Bass-Chen)
There is a weak solution X;° of (1.2) when o is continuous, b = 0 and LY is a
cylindrical a-stable process.

2010 (Bass-Chen)
Assume o(x, z) = o(x)z is continuous in variable z, b = 0 and L{ is a cylin-
drical a-stable process. If any bounded function h satisfies

h(z) = E[h(X7,)] foreveryxz € D

for some bounded domain D, then A is Holder continuous in D.

2017 (Chen-Zhang-Zhao)
Under the condition (H?) and (HZ) with § € (1 — §, 1), there is a unique strong
solution of (1.2).
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Well-known results

2018 (Kulczycki-Ryznar-Sztonyk)
Assume b = 0 and L} is a cylindrical a-stable process with o € (0, 1). Under
the condition (HY), for any v € (0, «), T > 0, there is a constant C' such that
forall t € (0,7), v,y € R*and f € L>=(R?)

|P f(x) = PY f(y)| < Cla =yt = || fl| o (1.6)

For any v € (0, %), T > 0, there is a constant C' such that for all t € (0,77,
z € RYand f € L*°(RY) N LY (RY)

7 ()] < CE 5 | I 11T (1.7



Part 2: Our main results

o F - = E DAl



Introduction Main Results Sketch of the proof
00000000 900000 0000000000000 0000

Littlewood-Paley decomposition and Besov space

» Let ¢ be a radial C'*°-function on R? with
do(§) =1 for £ € By and ¢o(€) =0 for € ¢ Bs.
» For& = (£1,---,&,) € RYand j € N, define
$;(€) = ¢o(277€) — go(27 V7).
» Itis easy to see that for j € N, ¢, (£) = ¢1(27UY¢) > 0 and

k
suppd; C Bys1 \ Bai—1, Y 65(€) = do(27°¢) = 1, k — oo.

J=0

Future works
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Littlewood-Paley decomposition and Besov space

» Let ¢ be a radial C'*°-function on R? with
do(§) =1 for £ € By and ¢o(€) =0 for € ¢ Bs.
» For& = (£1,---,&,) € RYand j € N, define
$;(€) = ¢o(277€) — go(27 V7).
» Itis easy to see that for j € N, ¢, (£) = ¢1(27UY¢) > 0 and

k
suppd; C Bys1 \ Bai—1, Y 65(€) = do(27°¢) = 1, k — oo.

J=0

Definition 4 ( Besov spaces)

For given j € Ny, the block operator A; is defined on .%’ by
A;f(z) = ($50)" (@) = §5 + f(w) = 2707V / L0129y f(w — y)dy.
For any s € R and p € [1, oc], the Besov space B;, . is defined by
B o ®”) = {f € 7' R : flls; . = sup (27 fl1») < oo}.




The Propositions of Besov Space
Proposition 5

For any s1 > 0 and s > 0 with s3 ¢ N,

H'P(RY) € BiLo(RY) and C*(RY) = B2 (R?),
Foranyn € N,

C™(R%) C BL o (RY).

DA
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The Propositions of Besov Space

Proposition 5

Forany s1 > 0and s2 > 0 with so ¢ N,
H'P(RY) € BiLo(RY) and C*(RY) = B2 (R?),

Foranyn € N,
C™"(R?) C BY o (R?).

Future works

» For j € N, by definition it is easy to see that
Aj = Ajgj, where gj = Ajfl + AJ‘ + AjJrl with A_1 = 0,
and A; is symmetric in the sense that

(Ajf,9) = ([, Ajg)-

2.1



Introduction Main Results Sketch of the proof
00000000 0@0000 0000000000000 0000

The Propositions of Besov Space

Proposition 5

For any s1 > 0 and s2 > 0 with s2 ¢ N,
H'P(RY) € BiLo(RY) and C*(RY) = B2 (R?),

Foranyn € N,
C™(R%) C BL o (RY).

Future works

» For j € N, by definition it is easy to see that
Aj = Ajgj, where gj = Ajfl + AJ‘ + AjJrl with A_1 = 0,
and A; is symmetric in the sense that

(Ajf,9) =(f,A59).
» The cut-off low frequency operator Sy, is defined by

k—1
Sif = ZAjf = 2% /Rd Go(2"(x — ) f(y)dy — f.
§j=0

2.1

(2.2)
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Our assumption for o

(H;,) There is a constant co > 1 such that forall z,y, z € R%andall A > 0

wesSd—1 A>0

inf inf /\/ |w - o(z, E)|,u(dz) >t
§d—1 )\
|lo(z,2) = o(y, 2)| < colz —yllz].
1

co |2l < lo(z, 2)] < col2l.

Remark 6

» Notice that condition H implies condition Hy, here.

Future works

(2.3)

» o(x,2) = (2 + sinz1)z satisfies condition Hy, but not satisfies condition Hy .
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Main Results

Theorem 7 (Gradient estimate for SDE solution)
Assume one of the following conditions holds,

> a€(0,2),b=0andlet f = 1.

> o € (3,2) and condition (H}) holds with B € ((1 — &) V 0, ).
Under condition (H},), for any

nebatans), E-we(-ma-@-Drt-9),
there is a constant Ct such that for all ¢ € C§°(R?) and all t € (0, T],
_1(d_
||-Pto',l7¢||B(Zol _ < CTt o (p W2+’Yl) ||¢||B;2oo

In particular, when o > %, we obtain the gradient estimate,

- _1
VP $lloc < CTt™ = ||| oo

Future works

2.4)
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Main Results

» If taking 72 = 0 and p1 = oo, we get a corollary directly.

Corollary 8
Assume one of the following conditions holds,
» a€(0,2),b=0andlet B = 1.
> o€ (%, 2) and condition (H%) holds with 8 € ((1 — a) V 0, @).

Under condition (HY)), for any v € [0, + a A B), there is a constant Cr such that

forall ¢ € L= (RY) and all t € (0,T),

=L
IP7*gllcr < Crt™= |-

(2.5)

Future works




Introduction Main Results Sketch of the proof Future works
00000000 0000e0 0000000000000 0000

Main Results

» If taking 72 = 0 and p1 = oo, we get a corollary directly.

Corollary 8
Assume one of the following conditions holds,
» a€(0,2),b=0andlet B = 1.
> ac (%, 2) and condition (H%) holds with 8 € ((1 — a) V0, @).
Under condition (HY)), for any v € [0, + a A B), there is a constant Cr such that
forall ¢ € L>=(R%) and all t € (0,T),

& _a
I1P7gllcr < Crt™ = ||¢| oo (2.5)

» Notice that (2.5) reduced the restriction of the ~ in (1.6)
from (0, @) to (0, «+a A B3). In particular, we have gradient estimate. Moreover,

we can deal with the case o > 1.
» By a way of interpolation, we also get (1.7) from Theorem?7.
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Main Results

» By the dual space theorem, we get the existence of density:

Corollary 9
Fix any 0 < s < t, there is a function p‘s’:tb ‘R x R = R, forany © € R?
o,b S,q d
Pl (@) € Nis,mes H(RY)

where H® 4 is the Sobolev space and

s={enls<a-(@-DV1-8), q¢€L mmrtove=) )

C [0, 0] X [1, 0],

such that all ¢ € C$°(R?),

Prto(a) = [ " 0)olu)dy.

R

Future works
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Crucial lemma

> Let#: R — R?is a measurable function and ps_; be the transition probability
of process

Zsy = /: /Rd o(6(r), z) N(dz, dr).

Lemma 10 (Crucial Lemma)

» Forany B € [0,a), v € [0,+00) and T > 0, there is a constants C' such that
formeNoallj >0, f € L, (Ry)andt € (0,T] s € [0,1),

t ot
| [ v @Il )ldeds < 02 [ = 573 (5.
0 R 0

» Foranym € Ny, g € [1,00], % + % = land v € [0,+00), there is a constant
C such that for all (t — s) € (0,T),

1 d .
V™ Ajps,tll paeay < Ct — s) =07 R)27%,
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The key point of proof

» For simplify, we assume o (z, z) = A(x)z for some matrix value map A : R? —
R? ® R? and a(t) := A(6(t)). Recall that p, ; is the transition probability of

t
Zoy = / ao(r)dLe  with AR LS, @ Lo

Therefore using the change of variable and the scaling property, we have
t t—s
/ a(r)dLe = / a(r + s)d(L?Jrs - Lz)
s 0

1
@ () h / a(r(t — ) + s)dL2.
0
We denote by po,1 the density of fol a(r(t — s) + s)dLy, then

pat(@) = (t—5) & Poa((t — 5) 7).
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The key point of proof

» For simplify, we assume o (z, z) = A(x)z for some matrix value map A : R? —
R? ® R? and a(t) := A(6(t)). Recall that p, ; is the transition probability of

‘ (@
Zs,t:/ a(r)dLy with A« Li‘t = Ly.

Therefore using the change of variable and the scaling property, we have

t t—s
/ a(r)dLe = / a(r + s)d(L$+S - Lz)
s 0

@ (t—s)‘i/O a(r(t — s) + s)dL°.

We denote by po,1 the density of fol a(r(t — s) + s)dLy, then
Fl

1

ps,t(x) = (t —s) 2po,1((t —8) “x).
» Condition

inf inf A |lw - o(z, )|u(dz)/ - (3.1)

weSd—1 A>0 gd—1

guarantee that for any n € Ng and 3 € [0, a), there is a constant C' such that

[ el 19" a@)ds < ©
R



PDE related to SDE

» Recall that X is the weak solution of SDE

dth = fRd 0’()(,-5_7 Z)N(dt, dz) + b(Xt)dt7
X5 ==z

DA
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PDE related to SDE

» Recall that X is the weak solution of SDE
AX7 = [pao(Xi—, z)N(dt,dz) + b(X,)dt,
X5 = .

> Weletu(t,z) € C([0,T]; C*F(RY)NC e (R?)) for some & > 0 be a solution
of following PDE,

{8tu(t, x) = Llu(t,x) + b(z) - Vul(t, z), 32)

u(07 l’) = (;5(13),

where

Llu(t,z) = /Rd (u(t,:p +o(z,2) —u(t,z) — Laz10(x, 2) - Vu(t,z))ya(dz).
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PDE related to SDE

» Recall that X is the weak solution of SDE
AX7 = [pao(Xi—, z)N(dt,dz) + b(X,)dt,
X5 = .

> Weletu(t,z) € C([0,T]; C*F(RY)NC e (R?)) for some & > 0 be a solution
of following PDE,

{8tu(t7 ) = L2u(t, =) + b(x) - Vu(t, z), (3.2)

u(07 l’) = (;5(13),

where

Lou(t,x) = /Rd (u(t, 2+ 0(x,2) — ult, ) — Lasio(z, 2) - Va(t, z)) va(d2).

» By Ito formula, s — u(t — s, X7) is a martingale for s € [0, ¢]. Then

PPP¢(z) = B(O(X7)) = E(u(t — 5, X7)) = E(u(t, x)) = u(t, z).
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Characteristic line

» Let 67 be a solution of following ODE

{df’i’ = —b(0)),

05 =y,
fort € [0,7] and y € R%.

Remark 11

Under the condition HY, there is a constant C' such that for any |z —y| > 1,
lb(x) — b(y)| < Cle —yl,

which implies that 8¢ would never blow up. See Wang—Zhangm.

Future works

[1] Degenerate SDE with Holder-Dini drift and non-Lipschitz coefficient. STAM J. Math. Anal. 48 (2016), 2189-2226.



Perturbation

» Define ©7g(z) := g(x + 0}). Then O u satisfies a new PDE
{ u

20Yu(t, ) = L50Vu(t, x) + L0Yu(t, z) + b(z) - VOYu(t, ),
Ofu(0,z) = ¢(x +y),

(3.3)

DA
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Perturbation

» Define ©7g(z) := g(x + 0}). Then O u satisfies a new PDE

20Yu(t, ) = L50Vu(t, x) + L0Yu(t, z) + b(z) - VOYu(t, ),
Ofu(0,z) = ¢(x +y),
(3.3)

» where b(x) = ©Yb(z) — ©Yb(0),
Z5g@) = [ (ol +0(00.2) = 90) = Laao(6}.2) - V(@) ) v(d).
Zgla) = [ Palavaz)
= [, (sta+ ol +67.2) = a(o + 001, 2)) =~ Laz13(.2) - V(o) )(d),

with 6(z, 2) = o(z + 07, 2) — (67, 2).
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Perturbation

» Define ©7g(z) := g(x + 0}). Then O u satisfies a new PDE

20Yu(t, ) = L50Vu(t, x) + L0Yu(t, z) + b(z) - VOYu(t, ),
Ofu(0,z) = ¢(x +y),
(3.3)

» where b(x) = ©Yb(z) — ©Yb(0),
Z5g@) = [ (ol +0(00.2) = 90) = Laao(6}.2) - V(@) ) v(d).
Zgla) = [ Palavaz)
= [, (sta+ ol +67.2) = a(o + 001, 2)) =~ Laz13(.2) - V(o) )(d),

with 6(z, 2) = o(z + 07, 2) — (67, 2).
» Notice that there is a constant C' such that |b(z)| < C|z|? A |z| and

5(0,2) =0, |o(z,2)| < colzll2],  [Vad(2,2)| < colz].



» Notice that .5 is the infinitesimal generation of the process

st—// 931

N(dr,dz).

DA
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» Notice that .Z5" is the infinitesimal generation of the process
t
L‘;,t = / / o(0Y,2)N(dr,dz).
s JRd

» Since the constant ¢ in condition H? is independent with x and z, we drop the
coefficient y and denote o (r, z) := o (6, z).



Introduction Main Results Sketch of the proof Future works
00000000 000000 00000@00000000000

» Notice that .Z5" is the infinitesimal generation of the process

Lgtf/ / (0¥, 2)N(dr,dz).

» Since the constant ¢ in condition H? is independent with x and z, we drop the
coefficient y and denote o (r, 2) := o (07, 2).

> We denote by ps.¢(z) the transition probability of LY ,, then crucial lemma is
available for p, ;. By the Duhamel’s formula,

t
OYu(t,w) :/ / ps.t(w — ) L*OYu(s, x)dzds
0 JRrd
¢
+ / / ps.t(w — 2)b(x) - VOYu(s, z)dxds
Jo JRd
+ [ poatw = 2)o(o + e,
Rd
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» Notice that .Z5" is the infinitesimal generation of the process

Lgtf/ / (0¥, 2)N(dr,dz).

» Since the constant ¢ in condition H? is independent with x and z, we drop the
coefficient y and denote o (r, 2) := o (07, 2).

> We denote by ps.¢(z) the transition probability of LY ,, then crucial lemma is
available for p, ;. By the Duhamel’s formula,

t
OYu(t,w) :/ / ps.t(w — ) L*OYu(s, x)dzds
0 JRrd
¢
+ / / ps.t(w — 2)b(x) - VOYu(s, z)dxds
Jo JRd
+ [ poatw = 2)o(o + e,
Rd

» We operate the block operator A; on both sides and let w = 0,

t
Aju(tﬁf):Aj@fu(t,O):/ / Ajps i (—2) L0V u(s, x)dzds
0 JR4

// Ajps.i(—2)b(x) - V@?u(s,x)dxds—k/ Ajpo,t(—z)d(x + y)dz,
Rd

=9 + I + 7.
34



» If there is a constant C' such that all j and ¢ € (0,7,

t
|V 25| < 02_"“/ (t—S)%IIU(S)IIngwds,
o .
and

(3.5)
|f3f| < Cc2 Mt w

-1 (%—"/2-%71) |

191152, (3.6)

DA



» If there is a constant C' such that all j and ¢ € (0,77,

t
Vi <o [ -9 u)ley _ds
; |
and

3.5)
. o _1(d_
gl <o H ) g, 36
» Then we have
j ¢ n ——(4—"/2+71)
27 Aju(t, 07)] <C/ (t=s)= flu(s)llgn ds+Ct *\» 6l 52 -
0 , ;

DA
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» If there is a constant C' such that all j and ¢ € (0,77,
vl <o -9 u)ley ds 69
o ,00
and

. o _1(d_
|f31| <02 MipT . (p 72+~/1) H¢HB;QM, (3.6)

» Then we have
) t _1(d_
2850, 00)] < C [ (1= 9% a6y s+ E g
0 N .

» In fact, for any ¢ € [0,7] and 2 € R? there is a characteristic line 6 such that
0y = x. See H.-Wu-Zhang?). Therefore we take supremum of z and j,

t _1(d_
Ol <€ [ (6= F a6l __ds+ 00 E2 ) g
,00 0 00,00 Joo
3.7

[2] Schauder’s estimate for nonlocal kinetic equations and its applications. Available at arXiv:1903.09967..
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Volterra-type Gronwall inequality

Lemma 12 (Volterra-type Gronwall inequality)
Assume A > 0. For any 0,9 > —1 and T > 0, there exists a constant C' =

C(A,0,9,T) > 0 such that if locally integrable functions f : Ry — Ry satisfy
A/ (t — )" f(s)ds + At®, te (0,T),

then

fey<ct’, te(0,T)
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Volterra-type Gronwall inequality

Lemma 12 (Volterra-type Gronwall inequality)

Assume A > 0. For any 0,9 > —1 and T > 0, there exists a constant C' =
C(A,0,9,T) > 0 such that if locally integrable functions f : Ry — Ry satisfy

A/ (t—s)’ f(s)ds + At®, te (0,T],

then
fey<ct’, te(0,T)

_i(d_
» When % — T2t <at © (” WJWI) is a local integral function on [0, 7.

Combining Volterra-type Gronwall inequality with (3.7), we obtain main result
fory1 € [0, oe)andf—'yg <a—m1.

» To prove (3.5) and (3.6), we need the crucial lemma.

» To lift the limitation of v; from [0, &) to [0, & + a A 1), we need a lift theorem
by the semigroup property of Feller process.



» (AjA; = Ajand A, is symmetric)=

A= [ Amm-a)ote +u)de = [ Apoal-0)60+ )
R4 Rd

<O AT = <

DA
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Estimate for .7;

> (A;A; = Ajand A; is symmetric)=

7= [ Apos(a)ste+ o= [ Apoi(=n)Aso(+ e

» (Holder inequlity)=
BZARS /d 18;p0.e(—2)||Asp(x + y)ldz < | Ajpoillcall Ajéll o,
R

1 1 _
where;—i—a—l.
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Estimate for .7;

> (A;A; = Ajand A; is symmetric)=

7= [ Apos(a)ste+ o= [ Apoi(=n)Aso(+ e

» (Holder inequlity)=
BZARS /d 18;p0.e(—2)||Asp(x + y)ldz < | Ajpoillcall Ajéll o,
R

1 1 _
where;—i—a—l.

» (Definition of Besov space and crucial lemma 10)=-
71 < 27 | Agpollnall@ll gz, S 27T EGTTOD g s

» Notice that £ — 72 + 1 > 0, which is 72 < £ + 1.
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Estimate for .73
» Define function x € Cg° with
_J1 when|z| <3
x(z) = {O when |z| > 1.

Lemma 13
Under condition HY, function b-(z) := x(z) (b(m +2z)— b(z)) € CP(RY). There

is a constant C such that all z € R?
lbzlcs < C.

» By Lemmal3 and the fact that
Hf”cB(Rd) < sup Hf"cB(B(z,l))?
z€RA

we assume b € C® and have a commutator estimate:
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Estimate for .7]

» Define function x € Cg° with

_J1 when|z| <3
x(z) = {O when |z| > 1.

Lemma 13

Under condition HY, function b-(z) := x(z) (b(m +2z)— b(z)) € CP(RY). There

is a constant C such that all z € R?
lbzlcs < C.

» By Lemmal3 and the fact that
Hf”cB(Rd) < sup Hf”CB(B(z,l))?
z€RA

we assume b € C® and have a commutator estimate:

Lemma 14 (Chen-Zhang-Zhao 2017)

For B € (0,1) and 6 € (—p,0), there is a constant C such that
114, fgllee < C277C*D| Fllcsllgll 5.,

where [A;, flg := A;fg — fAg.
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Estimate for .7]

Lemma 15

Assume o € (3,2). Under condition H} with B € ((1 — a) V 0,a A 1). For any
v1 € (0,) and T' > 0, there is a constant C such that for all t € (0,T), j € Ng and
all classical solution u,

27148

. t —
l< o2 [(t= ) fu)londs.
0
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Estimate for .7]

Lemma 15

Assume o € (3,2). Under condition H} with B € ((1 — a) V 0,a A 1). For any
v1 € (0,) and T' > 0, there is a constant C such that for all t € (0,T), j € Ng and
all classical solution u,

2v1+8-1

‘ ¢
BZAES C’2_W1/ (t—s5)"" = ||u(s)|lcnds.
0

Proof.
Notice that

/0 /Rd Ajps,t(—ﬂf)g(x) . V@tyu(s,x)dmds
= /t /d Ajps,i(—2)[A;, b(z)| VOYu(s, z)dxds

t ~
+/ / Ajps.i(—x)b(x) - A;VOYu(s, x)dxds.
0 JRd

By crucial lemma and commutator estimate, we complete the proof. O




Estimate for .7/
» Recall that

DY f(x) = flx+o(x+0Y,2)) — flx+0(0Y,2) — Laz16(x,2) - VF(2).
> Define

/ f Qs)dm

pe(h) : / (A Alz)?|h(z)|de and (f,g)

Q>
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Estimate for .7/
» Recall that
DL (@) = f(@+0(0+0/,2) = (@ +0(0},2) — Laz15(2,2) - Vf (2).
» Define

polt) = [ AAal) ha)lde and ()= [ S

Lemma 16

For any 0 € [0, 1], there exists a constant C' = C(d, 0) > 0 such that for all |z| <
fecC®andge C?

200

(22 f,9)] < Clz’ [ fllo [1o(Ig]) + 1o (1V9)° o(lgl) ~*]

when a < 1 and

{2 f, )| < Clal N fllce [o(lgl) + 1 (1Vg]) + pa+o (1929 pate(1Vg])' ]

when o > 1.
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The key point of the proof

» For simplicity, we assume « < 1 and ¢, (z) = o(z + 07, z). Rewrite
P-f(x) = 7 f(x) = f(z + ¢-(2)) — f(z + ¢-(0)).

> We can let f(x) = f(x + ¢.(0)). Their C? norms are the same. Therefore we
assume that ¢ (0) = 0 and there is a constant such that |¢ (z)| < C(Jz|A1)|z].
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The key point of the proof

» For simplicity, we assume « < 1 and ¢, (z) = o(z + 07, z). Rewrite
P-f(x) = 7 f(x) = f(z + ¢-(2)) — f(z + ¢-(0)).

> We can let f(x) = f(x + ¢.(0)). Their C? norms are the same. Therefore we
assume that ¢ (0) = 0 and there is a constant such that |¢ (z)| < C(Jz|A1)|z].

» LetI'.(z) = = + ¢.(x). By change of variable, we have
(2:f,9) = (f,2:9),
where
7% 9(w) = det(VoT7 ' (2))g(Is " (2)) — g(a).
» Noticing that
|det(V, T (@) — 1/ < |2, and [T5 () — 2| < CC(la| A D)2,

we complete the proof.
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Lemma 17

Lete € (0,aN1l)and 6 € ((a — 1)V 0, A 1).Forany v € (0, — €), there is a
constant C > 0 such that for all j € No and t € (0, T,

t
77| < 02 / (t — 5)~ O/ ()| o ds.

» Recall

t
g7 = / Ajps.i(—) L OYu(s, z)dzds.
o Jrd

Proof.

Let§ = %.We only prove the estimate for & € (1, 2). The case a € (0, 1] is similar
and easier.Since the time variable and y does not play any essential role, below we
drop the time variable and ©} for simplicity of notations. By definition we can make
the following decomposition:

P = dsu + su,
where

,QZ;u(a:):/lz‘@ Z.u(z)v(dz) and su(z) :/‘ Z.u(z)v(dz).

z[>68
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Proof.

. t t _
jf — / <Ajps)t,42f5u>ds+/ <Ajps,ta%u>d5'
0 0

By Lemmal6, we have

[(Ajps,t, Zsu)| < C s 2| 0u(d2)lu(s)l|co B(s, 1),
z|<
where
PB(s,t) Zﬂz |V* A]ps t|) +M1+9(‘V Ajps, t|) N1+9(|VAJpst) 0.
1=0

Leta < 1+ 60 < a+ 5. By crucial lemma, we obtain that

i i
|| @apss sl < [ us)lco B(s, s
0 0
oot ot
5279 [t = 9) Fullords +2-7 [ (¢ = 5)"F Juo)llords,
0 0

where

t . t e .
[ a7 8ipedlutellcods s [ [ 1o EIV Apea@llue)lcods,,
0 0 JRd
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Proof.
SO

i

1146 (1V2A5ps,t]) 1140 (| V A5ps )~ [lu(s) | oo ds
0
£—-1-6 [t o o[t o
$27 =510 [ ) Ffu)lcods <277 [ (0= 9) F ul)lcods.
0 0
For «/su, by Fubini’s theorem and the integration by parts, we have

Aj S,t,giu < Ajps.t(@)||u(x + o(x, 2)) —u(x + 0(0, 2))|dxdz
ool < [ [ 8@l 0@ 2) ~u(a+ o0,2)
/|>5 /Rd iDs,t(x)diveo (.:C,Z)+(O'($,Z)70'(0,2))'vAjpsyt(l')>u($)|d"dZ

< ) lle (#o1spoch + a(TAscl) [ eld)
z|>

By crucial lemma again, we obtain that

t _ . t
/0 (Aspa, )| ds < 2 / (6 = )% [[u(s) loodis.
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Lift lemma

Lemma 18
Assume one of the following conditions holds,

> a€(0,2),b=0andlet g = 1.

> o € (3,2) and condition (H}) holds with 3 € ((1 — ) V 0, A 1).
Under condition (Hy), for any

yE(mat+anp), §€0,a),

there is a constant Cr such that for all ¢ € C§°(R?) and all t € (0, T,

b
156l 5

00,00

_95
< Crt e ||l gys- (3.8)

v

» Notice that P7"°¢ = P7PP7 ¢ and (o, a + a A B) — o C (0, @), by this C-K

2 2
property, we obtain the main result.
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Future works

» We prove that the solution of SDE driven by cylindrical Lévy process has a den-
sity in Sobolev space H*" with

d

S<Oé—(a_1)\/(1_/8) and T<m,

but this result does not imply that this density is continuous. So how to improve
the index s and how to make r greater are interesting.

» In our work, we only consider the strong Feller property, which only depend on
the distribution of X;°. Moreover, the continuous property of o is enough to
guarantee the existence of weak solution. So how to drop the assumption that o
is Lipschitz.



Thanks for your attention!

o F = E E 9DAC¢
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