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Abstract

This thesis is mainly concentrated on McKean-Vlasov stochastic differential equations
(also called distributional dependent stochastic differential equations, abbreviated as
DDSDE) with singular drifts driven by Brownian motion. More specifically, we consider
the following four aspects of it:

(i)

(i)

Strong well-posedness. We use Zvonkin’s transformation and entropy formula to
obtain the strong well-posedness of DDSDE where the different components of the
drift are in different mixed LP spaces. To this end, we show the maximal mixed LP-
regularity estimate for the related parabolic partial differential equation (PDE) by
transferring a scalar solution to a vector solution for a new system. When the drift
is independent of the distribution, this result shows the strong well-posedness of
N-particle systems with L? interaction kernels, which extends the results of Krylov
and Rockner [67].

Propagation of chaos. We show strong convergence of the propagation of chaos
for the particle approximation of DDSDEs with singular L” interactions as well
as for moderately interacting particle systems on the level of particle trajectories.
Moreover, when the interaction kernel is bounded and measurable, we also obtain
the optimal rate of strong convergence, which is partially based on Jabin’s and
Wang’s entropy method [58] and Zvonkin’s transformation.

Averaging principle. We study the averaging principle for DDSDEs with drift in
localized LP spaces. Using Zvonkin’s transformation and estimates for solutions to
Kolmogorov equations, we prove that the solution of the original system strongly
and weakly converges to that of the averaged system as the time scale € goes to
zero. Moreover, we obtain rates of the strong and weak convergence that depend
on p respectively.

Euler-Maruyama approximation. We use the Euler-Maruyama approximation to
show the existence of a solution to a class of McKean-Vlasov SDEs of Nemytskii-
type with bounded, measurable drift and any initial data. When the initial data have
densities in L9 with respect to Lebesgue measure, based on the associated nonlinear
Fokker-Planck equation and heat kernel estimates for the Euler-Maruyama scheme,



we show the uniqueness of solutions for the McKean-Vlasov SDEs of Nemytskii-type
and obtain a convergence rate of the Euler-Maruyama approximation, which is the
same as the rate for the SDE cases in [9].
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Notations

Sets and Spaces

E

Rd

P(E)

Cb(E)7 OI?(E)

L7 == LP(RY)

- 1lp

How
- Mo
COé

e, Hor

|| : Ha,p
Sd
L2

Ly
R,
LYE) := LYI; E)

Denotes a Banach space

d-dimensional real Euclidean space.

The set of probability measures on FE

Respectively the space of real-valued bounded continuous
functions and the space of functions with & (> 1) bounded
continuous derivatives on E. Cj := Cy(RY), CF := CF(RY)
and Cgo = ﬂkeNC’f.

The set of real-valued Cf functions with compact support on
R? k€ NU {co}.

The set of measurable functions f defined almost everywhere
on R with respect to Lebesgue measure such that |f|? is in-
terable for p > 1. When p = oo, this is the set of bounded
measurable functions. We denote the space of locally inte-
grable functions by Lj .

The norm of LP.

Bessel potential space on R?, see Section 2.1 below.

The norm of H*P.

Holder spaces on R?, see (2.4) below.

Localized Bessel potential spaces and localized LP spaces on
R? with L? = H?, see (2.2) below.

The norm of He?, -l =1 - llop-

{m = (41,149, ..,74) : any permutation of (1,2,...,d)}.

the space of mixed p-summable functions with permutation
7, where p = (p1,...,pq) € [1,0]¢, see (2.6) below.

Localized LP-space, see (2.9) below.

The set [0, +00).

The space of L? functions from a time interval I C R to E.

L7(E) ==L 1y(E) and L7 := L7.(LP).
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Ly (T) = L([0, T1);
HZP(I), LI(LE)
Lo(1) == HY#(I);
LA(T) = Lg([0, T]);
L(T) :=Lr_(T)
jo

t%m

C(1,E)

HO (1) i= Ly(Ho0);

HP(T) := HgP([0, T1).

The localized spaces of HgP(I) and Li(ILP), see (2.3) and
(2.10) below respectively.

B (T) = Hg ([0, 71);

L7 (%) = Loy (L2);

{(g.p) € (2,00)"": 00 1/pi+2/q < 1}.

{(a;p) € (L,00) s 320 1/ps +2/g <m}, m=12.

The set of continuous functions from a time interval I C R, to
E, endowed with the uniform topology. Cr := C([0, T], R?).

Generic elements and operations

div

VQ
]Idxd or I

(z,y) or v -y

A generic non-negative constant, the value of which may
change from line to line.

The set of parameters that a constant may depend on. It may
have different parameters in different occasions, which should
be clear from the context.

A generic non-negative constant which depends on some fixed
parameters © = (aq, as, .., a,). Its value may change from line
to line.

The derivatives in the time variable ¢ and in the x; direction.
The transpose of the matrix M.

The trace of the matrix M.

The (i, j)(respectively row and column indexes) component of
a matrix M.

The gradient operator (01, 0s, .., 04)*.

The divergence of a vector field F : R? — RY defined by
divF ==Y O,F;.

The Hessian matrix (9;0)i j=1, 4.

The d-dimensional identity matrix. We do not specify the
dimension d when no confusion is possible. d;; := I;;.

The Euclidean inner product of two vectors z,y € R? defined
by (z,y) =z -y = Zle x;y;. We also use M - N to denote
the Frobenius inner product of two matrices M, N defined by
M-N .= ZZj:l Mz]N”

The Hardy-Littlewood maximal function in R?, see (2.14) be-
low.
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R v The product measure on F x F' of two measures u,v on F
and F respectively. u®! := pand p®* == p@ p®**! for k > 2.

xN = (2,..,2") A generic element of a product space E.

Pf=gqgx*f The semigroup related to the Laplace A (see (2.25) below).

Probability and measures

(Q,.7,(F:)=0,P) A filtered probability space with the filtration satisfying the
usual conditions. All the random variables are defined on this
space unless otherwise stated. The expectation is denoted by

E.

w or (W)sefo,1) The canonical process on the path space Cp defined by
wi(w) = wy.

Egl] The expectation under another probability measure Q.

K®p The convolution of a function K : R* — F with a measure p
on R? defined as K x p(x) := [0 K(2,y)u(dy) € E, Vo € R%

Oy The Dirac measure at the point x.

NN The empirical measure 7y~ = % Zf\il O

(, ) = p(y) The integral of a p-integrable function ¢ with respect to a
measure fi.

Z(X) = pux The law of a random variable X as an element of P(FE) where
X takes its value in the space FE.

| - Ilvar The total variation norm for measures.

H(plv) The relative entropy between two measures p and v, see (2.57)
below.

x @ 1 A random variable X has a law Z(X) = p.
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Assumptions

(H,) An assumpion on the second order coefficient a in a PDE,
where a is uniformly #-order Holder continuous, bounded and
elliptic (page 33).

(H?,..) An assumption on the diffusion coefficient ¢ in an SDE to
obtain the strong well-posedness for SDEs with mixed LP co-
effcicents (page 49).

(A9) An assumption on the diffusion coefficient ¢ in an SDE, where
o is uniformly #-order Holder continuous, bounded and elliptic
(page 50).

(H) An assumption of an interaction kernel b when we study prop-

agation of chaos (page 100).

(H}), (H?), (H?) Assumptions of the coefficients in an SDE when we study the

averaging principle (pages 126, 127).

Conventions:

We use := to indicate a definition;
aVb:=max{a,b}, a ANb:=min{a,b} and a™ =0V q;

In this thesis, we will utilize Einstein summation notation, which implies that sum-
mation is performed over repeated indices.

By A <¢ B and A < B or simply A < B and A < B, we mean that for some
constant C' > 1,

A< CB,C'B<ALCB, respectively;
We shall use the same notation I'. to denote mollifiers in various dimensions N, i.e.,
I.(z) = T'(z/e), e €(0,1), (0.1)

where I is a nonnegative smooth density function in R" with compact support in
the unit ball.

For a function f € L{ _(R"), the mollifying approximation of f is defined by
fel@) = fxIa) = | flz—y)li(y)dy or fu:=f*Tyn, neN
R

The dimension N takes different values in different occasions, which should be clear
from the respective context.



Chapter 1

Introduction

In this thesis, we consider the following McKean-Vlasov SDEs, which are also called
distributional dependent SDEs (abbreviated as DDSDEs), with singular drift on R%:

dXt = b(t,Xt,Mt)dt+U<t7Xt)dm, (].].)

where (W;);~0 is a standard d-dimensional Brownian motion, p; is the time marginal
distribution of Xy, o0 : Ry x R — R? ® R? is measurable and b : R, x R? x P(RY) is
measurable (in particular not necessary continuous). By It6’s formula, one sees that
solves the following nonlinear Fokker-Planck equation in the distributional sense:

1 .
Orpty = 531‘33‘ (Uikgjk:(t),ut) — div(b(t, -, pre) pie) = 0. (1.2)

The story of the McKean-Vlasov SDEs started with a stochastic toy model for the
Vlasov equation of plasma proposed by Kac. The classical notion of propagation of
(Kac’s) chaos was formalized in [62] where Kac first derived the spactially homogeneous
Boltzmann equation by use of N-particle systems. After that, Markov processes associated
to (1.2) were first studied by McKean in [76].

Recently, since it naturally appears in the studies of the limiting behavior of interacting
particle systems and mean-field games, there is a vast and growing interest in McKean-
Vlasov SDEs (1.1), which describe stochastic systems at the microscopic scale and whose
distributional-density satisfies the macroscopic description (1.2).

In the present paper, we mainly focus on some approximations to (1.1): N-particle
systems approximation based on [45], averaging principle approximation based on [25]
and Euler-Maruyama approximation based on [44]. Moreover, we also investigate the
well-posedness (i.e. existence and uniqueness) of McKean-Vlasov SDEs and N-particle
systems. In the following, we give an introduction for each of them.
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1.1 McKean-Vlasov SDEs and large systems of par-
ticles

Large systems of interacting particles is now fairly common. They are usually models for
large populations of individuals subject to mutual interaction and random dispersal. For
example, in plasma physics particles can represent ions and electrons in the Vlasov-Poisson
equation [103, 17]; in biosciences they characterize the collective behavior of individuals
[94] and describe the growth of cancer [33]. We refer to the book [95] and recent reviews
[55, 39, 57, 21, 22] for more details.

The most classical model is the Newton dynamics for N indistinguishable point par-
ticles driven by two-body interaction forces and noise. By XtN * and V;N’i we denote the
position and velocity of particle number ¢ = 1,2,.., N at the time t € R, respectively.
Based on Newton’s second law, the evolution of the system is described by the following
stochastic system:

{ dxM = yNiar, 13)

AV = L3 KN - XM+ odW,

where i = 1,2,.., N and W' are N independent standard d-dimensional Brownian motions,
which model random influences. The critical scaling in (1.3) is the factor % in front of the
interaction term. This is called the mean field scaling and it preserves the conservation of
the total strength of the interaction (see [55, Section 1.1] for more details). When o = 0, it
reduces to the classical Newton dynamics. Here the vector valued kernel K stands for the
interaction force between two particle. Such kind of a system is called a kinetic system and
the infinitesimal generator of the system is related the kinetic opeqrator 9, — A, +v - V,.
We refer to [40, 79, 51, 56] for mathematical kinetic theory for particle system. See also
[50, 49, 43] for the related kinetic SDEs and McKean-Vlasov SDEs with singular drifts
and Lévy noise.

Moreover, upon regarding V;N’i as the derivative of position XtN * with respect to time,
we have

o 1 4 . .
dxM = = > KX = XM)dt + od W,
J#i

Consequently, the system is commonly referred to as a second-order system.
In this thesis, we only consider the following first order N-particle system:

N
A 1 A A ,
A = 5 KX - XVt + od Y (1.4)
Jj=1
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By It6’s formula, the time marginal distribution p of (XtN 1 ..,XtN ’N)7 satisfies the fol-

lowing Fokker-Planck equation:

1 N 1 N N
N = 502 PSR ~ D divy, (K (i — x)p)) . (1.5)
=1

i=1 j=1

Such system can model interacting particles in physics (for instance, the point vortex
system in 2-dimensional fluids [35]), biological and sociological sciences phenomena of
flocking, swarming, and aggregation (see [27, 16] for examples).

However, due to the large number of N, simulating the microscopic N-particle systems
(1.4) directly is exceedingly complicated. Actually, the number N of particles can reach
a scale of 10% for most physical models and 10° in typical bioscience models (see [55,
Section 1.2]). Even for N = 4,5, the dynamics of ODE (1.4) (i.e. ¢ = 0) can be chaotic
and it is difficult to follow orbits of particles (see for instance [111]). Fortunately, the
N-particle system (1.4) can usually be approximated by a McKean-Vlasov SDE, thanks
to the famous Laws of Large Numbers. More precisely, for large N, one expects to
approximate the solution of (1.4) by the solution to the McKean-Vlasov SDE (1.1) with
o(t,x) =0 and b(t,z, u) = K * p.

1.1.1 Propagation of chaos

In this subsection we recall some notions and well-known results about the propagation
of chaos.

Classical framework introduced by Kac
Let E be a Polish space and y € P(E) a probability measure on E. Let (u")yen be a
sequence of symmetric probability measures on the respective product space EY, where

symmetric means that for any permutation (i1,--- ,iy) of (1,---, N),
,LLN(dIZ'“ e 7dxiN) - MN(dxla e ,ZEN).

In particular, x4~ has a common l-marginal distribution. One says that (u™)yey is -
chaotic if for any k € N (see [62]),

Nk

p' " weakly converges to u®* as k < N — oo, (1.6)

where pN*(dxy, -+ ,dxy) = pN(dzy, -+ ,day, E,--- , E) is the k-fold marginal distribu-
tion of pN. It is well known that (1.6) holds if and only if (1.6) holds for only k = 2
(see [98, (i) of Proposition 2.2]). In the language of random variables, Kac’s chaos can be
restated as follows:
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Let £V := (M1 ... [ ¢NN) be a family of EN-valued random variables. If the law of
¢V is symmetric and p-chaotic, one says that &€ is p-chaotic. It is also equivalent to (see
98, (ii) of Proposition 2.2])

the empirical measure e~ (dy) := + Zjvzl d¢ni(dy) € P(E) converges to ju in law.
(1.7)

Note that &€V can be regarded as N-random particles in the state space E. From this
viewpoint, Kac’s chaos means that if one observes the distribution of any k-particles, then
they become statistically independent as N goes to infinity. Indeed, (1.7) is a law of large
numbers, i.e., for any ¢ € Cy(E),

1 N

Nen () rINZsO(éN’j) — () rz/lﬂw(w)u(dx), in law.

In Hauray and Mischler’s work [51], various quantitative and qualitative estimates related
to chaos are obtained for different notions such as Kac’s chaos, entropy chaos and Fisher
information chaos. More references about Kac’s chaos can be also found in [51].

Propagation of chaos

If one considers Kac’s chaos as a static version of chaos, then propagation of chaos is
usually understood as a dynamical version of Kac’s chaos. More precisely, let (€N),5q =
({tN AL ,ftN ’N)t>0 be a family of EV-valued continuous stochastic processes, which can
be thought of as the evolution of N-particles. Let (&)i>0 be a limit E-valued continuous
stochastic process defined on the same probability space. Let uY be the law of 5,{\7 in
EN and p; be the law of & in E. Suppose that u)) is po-chaotic at time 0. One says
that propagation of chaos holds if for any time ¢t > 0, u is u-chaotic. In this thesis,
we call it the weak convergence of the propagation of chaos. Usually, as the evolution
of particle distributions, the probability measures p¥ and p; satisfy some Fokker-Planck
equation in the weak sense, like (1.5) and (1.2). Therefore, it can be studied by pure PDE
methods. However, as stochastic processes, one would like to have the following stronger
convergence of the propagation of chaos: for each t > 0,

. N1 _ ¢ _
]}gnooElé &l =0,

or in the functional path sense

lim E (sup |eNt — §5|> = 0. (1.8)

N—roo 5€[0,4]
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In fact, when K is globally Lipschitz continuous, McKean [77] firstly established the
following result for (1.4): for any 7' > 0,

bo, T
E( sup x¥1_ x| < £o2D) (1.9)
s€[0,T N

where the constant C'(b,0,7") > 0 can be estimated explicitly and (X});>¢ is the solution
to (1.1) with b(¢,x, u) = K %, o(t, x) = o driven by Brownian motion W?'. We note that
the power of convergence rate 1/N is sharp because of the central limit theorem. The
above estimate was also reproven by Sznitman [98] by more direct synchronous coupling
methods.

Singular kernel cases

Obviously, Lipschitz assumptions on the interaction kernel K is too strong in practice. In
fact, most of the interesting physical models have bounded measurable or even singular
interaction kernels. For examples, the rank-based interaction diffusion studied in [93,
69] has a discontinuous interaction kernel (see (5.11) below), and the Biot-Savart law
appearing in the vortex description of 2d imcompressible Navier-Stokes equations has a
singular kernel. We refer to [108, Section 1.3] for more examples of singular kernels. For
this type of singular kernels, Osada [84] was the first to show the propagation of chaos
for the point vortices associated with the 2d Navier-Stokes equation with large viscosity.
Recently, in [38], Fournier, Hauray, and Mischler dropped the assumption of large viscosity
by the classical martingale method.

More recently, Jabin and Wang [58] were the first to obtain a quantitative conver-
gence rate for the relative entropy between the law of the particle system, ¢V*, and the
tensorized limit law, ¥, where the key point is an estimate for the entropy and a large
deviation type exponential functional. In fact, the results in [58] can be applied to a large
class of singular kernels K in W1 with K(z) = —K(—xz), as well as to some nonlinear
interactions with bounded measurable interaction kernel. More precisely, for the system

i 1 i j i

AxN = F (N ZK(XtN’ - XtN’J)> dt + odW7, (1.10)
J#i

where F'is Lipschitz and K is bounded measurable, the author in [58] established a global

relative entropy estimate of the form

N,N

sup H (1
NeN

™) < oo,

as long as the same is true for ¢ = 0, where the relative entropy # is defined by (2.57),
,uiv N and p$Y is the time marginal distribution of x™" and u®N respectively (see Section
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5.2.2 for the proof). From the well-known subadditivity inequality (2.61) and Pinsker’s
inequality (2.58), one deduces the local estimates

k k
A ") < 050 and ("™ = g ar < Oy 57

where || - ||vqr stands for the total variation distance. We note that the proof in [58] for
kernels in W1 strongly depends on the symmetry of the kernel K (), not valid for
general LP-singular kernels.

When F(z) = z in (1.10), Lacker in [70] applies the BBGKY hierarchy to give the
following optimal weak convergence rate for the total variation distance between pV'F
and p®* for general L™ kernels:

1™ = 1 uar < C%
It should be noted that the linear assumption F'(x) = z can not be dropped there, since
the linearity of conditional expectations are needed.

For general LP-singular interaction kernels, in [99], TomaSevi¢ uses the partial Gir-
sanov transform as in [59] to derive the weak convergence of the propagation of chaos
under the extra assumption that the set of discontinuous points of the interaction kernel
has Lebesgue measure zero. In [53], Hoeksema, Holding, Maurelli and Tse showed a large
deviation result for a particle system with LP-singular interaction kernels. As a byproduct,
they also obtain the weak convergence of the propagation of chaos (see also [69]). How-
ever, in [99] and [53], both of them assume the initial distributions of the particle system
are i.i.d, that is, the initial distributions are not really chaotic. This assumption is crucial
for them to construct a weak solution for the interacting particle system by Girsanov’s
transform. In the present paper we overcome this difficulty by showing the existence of
strong solutions for the particle system (see Lemma 5.6 below), and then obtain the both
weak and strong convergence of the propagation of chaos for singular LP interaction
kernels with p > d and the quantitative convergence (1.9) for bounded measurable ker-
nels by Zvonkin’s transformation, a method introduced in [118] by Zvonkin and further
developed in [101, 67, 113]; see Section 3.1.1 for details. It should be noted that Bao and
Huang [2] have already used the Zvonkin transformation to obtain propagation of chaos
for Holder interaction kernels with non-optimal rate N—/4,

Moderately interacting particle systems

When K is singular, say a Dirac measure or Poisson kernel K(x) = 4x/|z|¢, the N-
particle system (1.4) is not expected to have a solution in general. A usual way of
tackling this problem is to mollify the kernel by Ky := K * ¢, where €x goes to zero as
N — 00, ¢.(z) := e 4p(x/e) and ¢ € C° is a smooth probability density function. For
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the choice of ey = N79/? with 5 € [0,1], if 3 = 0 and 1, it respectively corresponds to
weakly interacting and strongly interacting, while for g € (0,1), it is called moderately
interacting by Oelschldger in [81], and the particle system (1.4) with K = Ky is called a
moderately interacting particle system.

Especially, when K is the Dirac measure, we are interested in the moderately inter-
acting kernel Ky = ¢.,, where ey — 0 as N — oo and the following N-particle systems

AX = (1 X0 23 6 (5 - XFN)dt 4 0dW], =1 N (L)
J#z

Then, the solution X" is expected to converge to the solution of the following equation
(see [81, 61]):

dXt = F(t, Xt, pt(Xt))dt + Uth, (112)

where p; stands for the density of the law of X; with respect to Lebesgue measure. Here
p = (pt)i=0 solves the following nonlinear and local (or Nemytskii-type) Fokker-Planck
equation:

2
g .
Op = — Ap + div(E(p)p).
It should be kept in mind that for d = 1 and F(p) = p, this is a Burgers-type equation.
Equation (1.12) is called McKean-Vlasov SDE of Nemytskii-type (also called density
dependent SDE, abbreviated as dDSDE). For the following more general cases,

dXt = b(t, Xt, pt(Xt>)dt + O'(t, Xt, Pt(Xt)>th7 XO @ y, (113)

they were first introduced and investigated in [5, Section 2] (see also [3]).

In [81] Oelschliager showed the weak convergence of the propagation of chaos for mod-
erately interacting particle systems, when F' and ¢ are smooth. Generally, the moderately
interacting refers to any choice of ey with ey — 0 and ey'/N = o(1). When F, ¢ are
smooth enough, Jourdain and Méléard in [61] showed the following strong convergence:

2
E ( sup | X! — Xt|2> <C (ajlv + %VGCENQC”) : (1.14)

t€[0,T]

with a constant C, where (X¢);cpo,r is the solution to dDSDE (1.12) driven by Brownian
motion W1

Recently, this type of moderately interacting systems has regained much attention
after the semigroup approach developed by Flandoli, Leimbach and Olivera [33], see for
instance [34] for a PDE-ODE system related to aggregation phenomena; [94] for non-local
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conservation laws; [35] for 2D Navier-Stokes equation and [82] for quantitative convergence
results for a variety of singular kernels. However, all the above results does not cover the
Nemytskii-type caes, i.e. K = ¢y, and the mollifer function ¢ in their work is required
to be smooth. In the current thesis, we shall investigate the strong convergence of the
propagation of chaos for the moderately interacting particle systems when K = ¢y and
the mollifier ¢ is only bounded measurable.

1.1.2 Well-posedness of particle systems and McKean-Vlasov
SDEs

Before studying the propagation of chaos with singular drift (interacting kernel) K, one
of the main obstacles is to establish the strong or weak well-posedness of the SDEs for
both the particle systems (1.4) and the McKean-Vlasov SDE (1.1).

For the motion of a single particle, when ¢ € L{(LP) with

d 2

—+-<1,

p g
Krylov and Rockner [67] showed the existence and uniqueness of strong solutions to the
following SDE by Girsanov’s and Zvonkin’s transformation:

dXt — ¢t (Xt)dt + th

Later, Zhang [113, 114] extended their result to the multiplicative noise case, again
using Zvonkin’s transformation from [118] (see also [116, 109]). However, for the N-
particle system (1.4) with ¢(x,y) = K(x — y), where K is in some L space, one cannot
use these well-known results for L(L2) drifts to derive the well-posedness by considering
(1.4) as an SDE in RY4. For instance, when N = 3, consider the following SDE in R3?:

dx} = [o (X}, X2) + o(XL, X3 | dt + aw,

AxX? = [o(X2, X)) + (X2, X7) |dt + aw, (1.15)

dX? = [p(X? X}) + ¢(X3, X2)|dt + awp,

where ¢(z,y) = K(x —y) and K € LP with p > d. For ¢ = 1,2,3, let ¢;(xy, z2,x3) :=
>z @(xi ;). As a function of (x1, 22, 23) in R*, one only has

¢ € LRLP, i=1,2,3, (1.16)

where z} stands for the remaining variables except for z;. It does not satisty the conditions
in [67]. Note that in the same work [67], Krylov and Rockner also showed the strong well-
posedness for a class of special stochastic particle system with singular gradient interaction
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¢ = VV, where V is continuously differentiable on R?\{0} and satisfies some other
conditions (see Section 9 in [67]). Moreover, the strong well-posedness for particle system
with Biot-Savart law interaction kernel ¢(x) = (—z3, z1)/|z|* was established in [83] and
[37], which is related to the random point vortex approximation for two dimensional
Navier-Stokes equations. In the above well-known papers, the key point of establishing
the strong well-posedness is to prove that the process X; — th for i # j does not touch
the singular point 0, i.e. the state space is RV “without diagonals”. However, the strong
well-posedness for particle systems as in (1.4) with general LP-interaction kernels on all
of R4 has still been open.

Therefore, our first task is to extend [67, 114] to the case of mixed LP-spaces. We
mention here that although Ling and Xie [74] have already considered singular SDEs in
mixed LP-spaces, their result cannot be applied to equation (1.15) due to the new feature
that we need to consider the order of the integral in x1,z9, x5 as well as the different
integrability indices. Note that each ¢; belongs to a different mixed LP-space.

Let us turn to the well-posedness of McKean-Vlasov SDEs (1.1). So far there are
numerous literatures devoted to studying this problem. When b is bounded and py —
b(t,x, ) is uniformly Lipschitz with respect to the Wasserstein distance, Li and Min
[72] obtained existence and uniqueness for weak solutions. Under some one-side Lipschitz
assumptions (also with respect to the Wasserstein distance), Wang [104] showed the strong
well-posedness and also some functional inequalities for the solution. We want to emphsize
that the Lipschitz assumption for u — b(t, z, ) with respect to the Wasserstein distance
is not satisfied by the case mean-field limit SDEs with non-continuous kernels. More
precisely, consider

b(z,pn) = | K(z—y)u(dy)

Rd

with some kernel K which is only bounded or in LP. Then, u — b(x,p) is not even
continuous with respect to the Wasserstein metric for every point x, but u — b(-, p):
P(R?Y) — LP(RY) is Lipschitz with respect to the total variation distance.

In the case, where b is only measurable, of at most linear growth and u — b(t, z, u)
is uniformly Lipschitz continuous with respect to the total variation distance with ¢ uni-
formly non-degenerate and Lipschitz continuous, by using the classical Krylov estimates,
Mishura and Veretenikov [80] obtained strong well-posedness for (1.1). After that, the
strong well-posedness was extended to local L{L? drift by Rockner and Zhang in [89].
Furthermore, by the relative entropy method and Girsanov’s theorem, Lacker [70] also
obtained some well-posedness results under linear growth assumptions (see also [69]).
Then, in the special case |b(t, z, 1)| < h* u(t, x) with some h € L] L2, Han obtained well-
posedness for L] LP drift based on the relative entropy method in [42]. In [117], by some
heat kernel estimates and the Schauder-Tychonoff fixed point theorem, Zhao established
well-posedness for DDSDE in a more general case.
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Furthermore, weak solutions to the dDSDE (1.13), were constructed in [5], first solving
the corresponding Fokker-Planck-Kolmogorov equation and using the superposition prin-
ciple. In [3, 5], for a large class of time independent coefficients b, o, Barbu and Rockner
obtained the existence of weak solutions for such (possibly degenerate) density dependent
SDEs (see [5, Section 2]). The strategy in [3] and [5] is to solve the associated nonlinear
Fokker-Planck equation and then by the well-known superposition principle (cf. [100],
generalizing [68] and [32]) to establish the existence of a weak solution to dDSDE (1.13).
Later, in [4, 7, 8], the same authors prove the uniqueness of weak solutions to dDSDE
(1.13), which is a consequence of the uniqueness of the corresponding nonlinear Fokker-
Planck equation and its linearized version. Recently, in [6], they also consider the existence
of solutions to a class of nonlinear Fokker-Planck equations with measure-valued initial
data. It is natural to ask for a probabilistic method to construct the solution. In this

thesis, we consider the following general distributional density-distributional dependent
SDE (abbreviated as dDDSDE):

dXt = b(t,Xt,pt(Xt),[l,t)dt+ U(t,Xt)th, (117)

where u; and p; is the time marginal distribution and density with respect to Lebesgue
measure of X; respectively. Here we assume that r — b(-,r, ) and p — sup, |b(-, 7, p)|
are both Lipschitz from R, and P(R?), with respect to the total variation distance, to
L] L? respectively. For this model, we start directly from dDDSDE (1.17) and obtain the
existence of solutions by using Picard iteration, entropy formula and heat kernel estimates.
In other words, we don’t use the superposition principle. Moreover, our assumptions on
the drift are weaker compared to Barbu and Rockner’s series of papers. Especially, there
is no regularity assumption of b in . On the other hand, we only consider the case when
o is independent of p; (see Chapter 4 for more details).

1.2 Averaging principle for McKean-Vlasov SDEs

The averaging principle is one of the main methods in perturbation theory. It came into
being by Clairaut, Laplace and Lagrange more than two centuries ago. The averaging
principle was first established for the following deterministic systems by Krylov, Bogoly-
bov and Mitropolsky [11, 65]:

t
Xf:X0+/ b(Z, X%)ds, (1.18)
0 £

where b: R, x R? — R? is a vector field, 0 < &€ < 1 is the time scale and s/¢ is called the
highly oscillating time component (s/e is also called fast variable, while X¢ is called slow
variable). Then it was extended to stochastic differential equations by Khasminskii [63].
After that, extensive work on the averaging principle for finite and infinite dimensional
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stochastic differential equations was done; see e.g. [1, 18, 19, 20, 26, 30, 36, 41, 64, 75,
85, 102, 107] and the references therein.

Usually, solving the original system (1.18) is relatively difficult because of the high
oscillating time component. Therefore, it is desirable to find a simplified system which
simulates and predicts the evolution of the original system over a long time scale. As is
well known, the highly oscillating time component can be “averaged” out to produce such
a simplified system under some suitable conditions, which is called averaging principle.

More exactly, consider the following averaged system:

t
Xt:X0+/ b(X,)ds, (1.19)
0
where
_ 1 (T
b(x) = lim ~ / b(t, )dt. (1.20)
T—o0 0

b is called a KBM-vector feld (KBM stands for Krylov, Bogolyubov and Mitropolsky)
if the convergence (1.20) is uniformly with respect to z in any bounded subsets of R¢
(see e.g. [90]). The averaging principle states that, as the time scale € goes to zero, the
solution of the original systems (1.18) converges to that of (1.19). We note that if b is
bounded and periodic function with respect to time ¢, then

_ 1 [T
b(x) = Tb/{) b(t, z)dt,

where T}, is a period of b, and

1

t+T -
w(T) = sup T/t (b(t,z) — b(x))ds| =0 asT — oo. (1.21)

t,x

Let us give a brief proof of the averaging principle for ODE systems (1.18), here under
the condition (1.21) and if b is bounded and Lipschitz. First of all, it is easy to see that

/Ot (b(f,Xs) - 5(X8)> ds

- : (1.22)

t
X7 = X0 < bl | 1= Xilds +
0

where ||b|| iy is the Lipschitz constant of b. For h € (0, 1), we define m(t) :=t for t € [0, h)
and

mn(t) == [t/hlh, t = h.

The reason why we define 7, (t) = t for ¢ € [0, h) is that the drift b considered in this paper
is always in an L? space. If the initial data do not have an L9 density, Eb(X~, 1)) = Eb(Xj)
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will blow up for all £ < h. Although here b is Lipschitz and bounded, we use this definition
for m,(¢) in the whole thesis.
Then, we note that

S

b(guxs) _B(Xs) °

<[pC. X0

+ [b(Xs) — b(Xn, ()|

S

g;XWh(s))
S _

+ ‘b(g7X7Th(5)) - b(Xﬂ'h(S)>

S _
b(g, th(S)) - b(XTFh(S)>

<20/l ip | Xrmps) — Xl +

)

and we have

/Ot (b(g, X,) — B(Xs)) ds /Ot (b(g’ X)) — B(Xﬂh(s))> ds| .

We set N := [t/h]. Based on a change of variable, one sees that

t s _
(b(—,XMs)) - b(th@))) ds
0 6

< 2[[b]| ip ] och +

N-1 a(k4+1)h s ~
< Z/ <b(g,th) - b(th)> ds| + 4h|[b]|
1 / kh
N-1 e [kh/eth/e s -
1 kh/e €

< hNw(he) + 4h||b||oo < tw(h/e) + 4h]|b||o-
In view of (1.22) and Gronwall’s inequality, we have

sup | X7 — X¢| < C(T,0) inf (h+w(h/e)) — 0, ase—0.
t€[0,T) he(0,1)
This method is called technique of time discretization. And this kind of convergence is
called strong convergence analogous to the one in the propagation of chaos.
In this thesis, we are interested in using the techniques of time discretization to in-
vestigate the averaging principle of the following DDSDE with highly oscillating time
component

t
dXe =b (E,Xf, u;) At + o(X7)dW,, XE =¢, (1.23)

where o : R? — R? ® R? is a measurable function, uf := £(X7) is the time marginal law
of X7, 0 < e < 1 is the time scale and the drift b is only L? integrable in = (see Chapter
6 for the concrete conditions). Then the averaged equation is

dX; = b(Xy, pu)dt + o (Xy)dW, X =€, (1.24)
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where p1; stands for the distribution of X; and

1 (T
b(x, 1) :?L%T/O b(t, z, p)dt

where the limit on the right hand side is assumed to exist (see condition (H?) on page
126 for details).

Recall that the strong convergence rate of the averaging principle for slow-fast McKean-
Vlasov SDE was established by the techniques of time discretization and Poisson equation
in [88]. Furthermore, as discussed in [54], the strong convergence rate of the averaging
principle for slow-fast McKean-Vlasov SPDE was studied, based on the variational ap-
proach and the technique of time discretization. Note that the coefficients of the slow
equation with fast variables were assumed to be globally Lipschitz continuous with re-
spect to the slow variable in the above results. Recently, the strong convergence without
a rate for DDSDE with highly oscillating time component driven by fractional Brownian
motion and standard Brownian motion was shown in [92], under the assumption that the
drift term is continuous in the slow variable.

Recall that Lipschitz or mere continuity assumptions on b are too strong for some
applications. There are a lot of interesting models from physics, only having bounded
measurable or even singular L” interaction kernels b. However, to the best of our knowl-
edge, there is no result concerning the averaging principle both of DDSDE and SDE with
LP drift.

Following the above motivations, we consider the strong and weak convergence of the
averaging principle for DDSDE with LP drift in this thesis. Moreover, we obtain the rate
of the strong and weak convergence, which is important for functional limit theorems
in probability and homogenization in PDEs. To show this kind of results, we have to
overcome the difficulty of the non-continuity of b. More precisely, we need to estimate the
following difference for some LP coefficient b:

¢ S S
E| /0 (. X) =0, Xay) ) ds

To this end, partially inspired by [28] and [73], we use a different technique based on the
Markov property and the time regularity of the semigroup to calculate (1.25) (see Lemma
3.24). After that, we show a distributional version of (1.25) in Lemma 3.30, which makes
the classical time discretization method work again (see Section 6.1 for more details).

. (1.25)

1.3 Euler-Maruyama scheme for dDSDEs

In this part, we would like to study the Euler-Maruyama scheme for the following dDSDE

t
Xt = XO + / b<87Xs7ps<Xs)>dS + \/§Wt> (126>
0
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where p; is the distributional-density of X; with respect to Lebesgue measure and b is uni-
formly bounded. More precisely, for h € (0, 1), we consider the following Euler-Maruyama
scheme:

t

Xth = XO + / b(S,Xﬁh(s),pZ_h(s)(Xh ))dS + \/§Wt7 (127)
0

()

where p! is the distributional-density of X”. whose existence is easily seen from the
construction. We note that there is no continuity assumed for the drift term b with re-
spective to x, which is an obstacle for establishing the convergence. When b = b(t, x) is
bounded, Dini continuous and independent of the measure, the following strong conver-
gence is obtained by Dareiotis and Gerencsér in [28] by elementary calculations: for any
e (0,1)

sup E |X[L - X

‘2
t€[0,T]

< Chie.

It is extended to L? cases by Lé and Ling in [73] based on the stochastic sewing lemma.

In the present thesis, we consider the weak convergence (i.e. the convergence between
the time marginal law). Assuming that b is Lipschitz with respect to r — b(t, x,r), the
strong convergence is directly deduced from the weak convergence by stability estimates
with respect to drift b and results in [28, 73]. When b is only bounded and independent
of the density p;, for the weak convergence with respect to the total variation distance,
Bencheikh and Jourdain obtain the following rate in [9]:

o} = pells S V. (1.28)

They used Duhamel’s formula for the Euler-Maruyama scheme and calculated each term
carefully. In this thesis, we develop a technique based on estimates of the semigroup to
deduce the weak convergence rate (1.28). For more well-known results and applications
of Euler-Maruyama scheme for SDE we refer to papers mentioned above.

1.4 Main results

First we obtain the strong well-posedness to the following non-distribution dependent

SDE:
dXt = b(t, Xt)dt + U(t, Xt)dm, (129)

where different component of the drift b = (by, ..., by) is in different mixed LP spaces, as e.g.
in SDE (1.15). More precisely, in Theorem 3.1 (page 49) we show that if ¢ is uniformly
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Hélder continuous in x with respect to ¢ and elliptic, and for some ¢;,p; ; € [2,00) and
7w, €54,1=0,1,..,dand 7 =1,2,...,d and every T,

d

IVolzao oy + D Iballzas i) < oo, (1.30)
i=1

with

(2 1 1 )
sup( —+ —+---+— | <1,
i \¢ Pi Did

where p, := (pi1, ..., id), then there exists a unique strong solution to SDE (1.29). Here
EqT(]Eg’;) is the mixed L? space with permutation (see (2.10) below). As an application,
we have a unique strong solution to the N-particle system (1.4) for any LP interaction
kernel K with p > d (see Remark 3.2 for more details). For this part we need to construct
Zvonkin’s transformation. To this end, in Theorem 2.19, we transfer the scalar solution
u of PDE (2.33) to the vector solution (ug, u1, ..., u4) of a new system (2.48) and obtain
maximal LP-regularity.

Next, to prove well-posedness of dDDSDE (1.17), we show the following stability
results for densities of the solutions to (1.29) with respect to the drift (see Lemma 4.4
below): Let b°, b! be two Borel measurable functions satisfying (1.30) and py (¢, z), k = 0, 1,
be the densities of the time marginal laws of two solutions to SDE (1.29) with b = bF.
Then for any 7" > 0, there is a constant C' > 0 such that for all ¢ € [0, 77,

d t 1 1
Ioo(t) = pr(Ol1e < €3 [ (¢ =) )~ (9)lzg . (131)
1=1

Following the proof of this stability, we proceed to formulate Theorem 4.1 (page 91). In
this theorem, if the initial datum admits a bounded density, ¢ satisfies assumption (1.30)
and

sup || sup |b; (-, -, 7, M)HHE;}(E?.) < o0,
i, r=0 ¢

by Picard iteration and the entropy difference (2.64), we show well-posedness for dADDSDE
(1.17). Moreover, based on the strong well-posedness of non-distribution dependent SDE
(1.29), we obtain the unique strong solution to the McKean-Vlasov SDE (1.17) in The-
orem 4.2 (page 91).

After the strong well-posedness is obtained for N-particle systems and limit McKean-
Vlasov SDEs, we study the strong convergence of the propagation of chaos. We first
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obtain it in Theorem 5.1 (page 100) for the following particle systems:

, 1 . A , A
Ax" = Pt X7 2 ) ol X)dt + o (t, X aw,
JF#i
where o satisfies the condition (1.30) and for some measurable h : R, x R — R, and
K1 > 0

|E(t, 2, )| < h(t, o) + kalr|, |[F(ta,r) — F(t )] < salr =17,

and for some ¢ > 2, p = (p1, .., pa) € [2,00]¢ with 2/q+1/py + ...+ 1/pg < 1 and 7 € S,
T >0,

q

T
Iy g, + | [ sup (um(-,ww%p+r|\¢t<y,~>r\r%p)dt] <
0 ycRd 4 4

To show this strong convergence, we use the partial Girsanov transform as used in [59, 99]
to show uniform Krylov’s estimate for particle systems, which implies the weak conver-
gence of the propagation of chaos by the classical martingale approach (see Theorem
5.5 below, page 104). It should be noted that in Theorem 5.5, by the strong well-
posedness of (1.29), the solution to the particle system is a measurable functional of
Brownian motion. In contrast to [99, 53], we thus need not to assume that the initial
data are independent.

For the strong convergence, we use Zvonkin’s transformation and Lemma 5.12, which
transfers weak convergence to strong convergence. When ¢ is uniformally bounded, com-
bining with the entropy method developed in [58], we obtain the optimal convergence
rate

E < sup |X;V’—XZ|) < N2

te[0,T

where X' is the unique strong solution to limiting DDSDE driven by Brownian motion
we.

Moreover, we also consider the moderately interacting particle systems (1.11) and
obtain the strong convergence rate of the propagation of chaos in Theorem 5.3 (page:
102) when F' and ¢ are uniformly bounded. More precisely, we extend the result (1.14)
from smooth to non-continuous cases. The proof is based on Theorem 5.1 and the stability
estimate (1.31).

The results for well-posedness and the propagation of chaos are from the joint paper
[45] with Rockner and Zhang.

For the averaging principle for DDSDE, in Chapter 6 we consider the systems (1.23)
with highly oscillating time component and the averaged DDSDE (1.24). Assuming that
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p— b(t, -, p) from P(R?) to some localized LP space is Lipschitz with respect to the total
variation distance uniformly in ¢ € R, under some time periodic condition like (1.21),
for any p > d, we obtain the following weak and strong convergence rate in Theorem
6.2 (page 127):

1 d h
el < C f(hTT L ) 1.32
s 1 = e < Cjut (45 4 () (1.32)

and

. _d\*
E ( sup | X¢ — XM) < Cinf ((w(h/e))2 +h! ) .

te[0,T

Moreover, we also obtain an analogous result for non-distribution dependent SDE in
Theorem 6.3, where the convergence rate is independent of p. To show these results, we
need a distribution dependent version for (1.25) (see Lemma 3.30 below) and the solution
to the related PDE as in Lemma 3.29 and Lemma 3.32. After these estimates, we obtain
the weak convergence rate. For the strong convergence, we use Zvonkin’s transformation
again, i.e. the same technique as in the part about the propagation of chaos.

The results for the averaging principle are based on the joint paper [25] with Cheng
and Rockner.

Finally, we consider the Euler-Maruyame scheme (1.27) for dDSDE (1.13), where
b is uniformly bounded and o = /2. If r — b(t,x,r) is continuous, we obtain the
existence of solution to dDSDE (1.13) and show that there is a sequence hy — 0, as
k — 0o, such that X" converges to this solution of (1.13) in the weak sense. Moreover,
if » — b(t, x,r) is Lipschitz uniformly in (¢, x) and assuming that the initial datum admit
s an LY density with ¢ > d, we obtain the well-posedness of dDSDE (1.13) and gain the
following convergence rate for the Euler-Maruyame scheme:

sup ||pf — pili < CrV/h,
t€[0,T]

where the rate is the same as that in (1.28), obtained in [9] for the non-distribution
dependent case. All the above results are included in Theorem 7.2 (page 146). It
should be noted that this is a different way of proof in comparison with that of Theorem
4.1 to show well-posedness of McKean-Vlasov SDEs. Furthermore, the assumptions for
this result are also different from those in Theorem 4.1: Although b is bounded here and
not in some localized LP space, the initial datum condition is less restrictive than that
in Theorem 4.1, where the time marginal law of the initial datum is required to have a
bounded density with respect to Lebesgue measure. In particular, we obtain the existence
for any initial datum X, = x € R?, whose distribution is a Dirac measure and dose not
have a density with respect to Lebesgue measure.
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The well-posedness of the dDSDE (1.13) and the convergence properties of the Euler-
Maruyama scheme have been established in a joint paper [44] with Rockner and Zhang.
The convergence rate of the scheme is first rigorously obtained in this thesis.

1.5 Structure of the thesis

In Chapter 2 we first introduce the basic function spaces used in this thesis, localized Bessel
potential spaces and localized mixed LP spaces, and main properties of these spaces in
Section 2.1. Then we study second order parabolic PDEs with mixed localized LP-drifts
and show the unique existence of strong solutions. Before that, when p = (p,p,...,p),
we recall some results from [109] about second order parabolic PDEs with localized L?
drift. On the basis of these results for the parabolic PDEs, we are able to derive the
corresponding results for the elliptic PDEs. We note that Lemma 2.8 is not a corollary
of Theorem 2.19, since the conditions on f are different. In Theorem 2.19, since each
component of the drift may be in a different mixed LP-space, the new point here is that
the second order derivative of the solution shall stay in a direct sum space. Apart from
these, we also introduce basic concepts about SDE in Section 2.3 and some well-known
results about the relative entropy in Section 2.4 for later use.

In Chapter 3, we study the well-posedness and some properties of solution to SDEs
with LP drifts. We show the weak and strong well-posedness for SDE with mixed LP-
drifts in Section 3.1. As usual, we need to prove a priori Krylov estimates based on the
PDE estimates obtained in Section 2.2, and then show that we can perform the Zvonkin
transformation. To this end, we first give a proof for the main result of [109] in Section
3.1.1 as an example how to use Zvonkin’s transformation. Therein we will show what the
Zvonkin transformation is and how to derive the Zvonkin transformation and strong well-
posedness for SDE from Krylov estimates and results from PDEs. Moreover, in Section
3.2, we study the time regularity of solutions to SDE with LP-drifts, which is used to show
time discretization type estimates in averaging principle, like (1.25). For (1.25), we first
assume that {X;}.ejo.77 is a solution to the SDE (1.29) with out drift, that is b = 0, based
on the assumption on 0. We obtain some time difference estimates of the corresponding
heat kernel, which implies the estimate (1.25) for any localized L? function b with p > dV2
(see Lemma 3.24 below). Then it follows from the Girsanov transform that (1.25) holds
for the solution to (1.29) with localized L? drifts (see (3.79) below). Furthermore, we
obtain the “distribution dependent version” of it, namely Lemma 3.30, which is based on
Lemma 3.29, which in turn provides an estimation of the difference u; — us between the
time marginal distributions. As a byproduct, we also obtain the time regularity of the
gradient of the solutions for parabolic PDE in Section 3.2.3, which is used in Chapter 6.

In Chapter 4, by Picard’s iteration, we show the weak and strong well-posedness for
dDDSDESs (1.17) (see Section 2.3 for their definitions) with mixed LP-drifts. We use the
entropy formula, Pinsker’s inequality and the stability (1.31) to show that the density
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of the time marginal law of the Picard iteration is a Cauchy sequence in L' N L> (see
Lemma 4.4 below).

In Chapter 5, we prove the strong converagence of the propagation of chaos. First,
by the classical martingale method we show that the propagation of chaos for systems
as in (1.4) with singular kernels holds in the weak sense, where the key point is to use
the partial Girsanov transform used in [59, 99] to derive some uniform estimate for the
exponential functional. In particular, the strong solution is used to treat the chaos of the
initial distributions. Moreover, we also provide a detailed proof for Jabin and Wang’s
quantitative result [58] for bounded interaction kernels. This is not new and only for the
readers’ convenience. Then we give the proof of the strong convergence of the propaga-
tion of chaos and show how to use Zvonkin’s transformation again to derive the strong
convergence from the weak convergence, where the key point is Lemma 5.12.

In Chapter 6, based on the time regularity estimates obtained in Section 3.2, we
use a [to-Tanaka trick to give the weak convergence rate for the averaging principle of
DDSDE with localized L? drift (see Theorem 6.6 below). Moreover, based on Zvonkin’s
transformation again, we obtain the strong convergence rate from the weak convergence.
Here, Lemma 6.5 is of crucial importance. This lemma is derived from the time periodic
condition (1.21) and the “distribution dependent version” of the time discretization, as
shown in Lemma 3.30. In Section 6.5, we also give some examples to illustrate our results.

In Chapter 7, we study the Euler-Maruyama approximation for dDSDE (1.26) with
bounded drift and use Euler-Maruyama scheme to give a proof of well-posedness of (1.26).
We first establish some estimates for the density of the time marginal distributions for the
Euler-Maruyama scheme (1.27) with bounded measurable drifts, by which we prove the
compactness of the time marginal distributional densities of the Euler-Maruyama scheme
(1.27) as to h — 0. Then we obtain the well-posedness by approximation from this Euler-
Maruyama scheme. Moreover, by using the technique from Section 6.3, we obtain the
weak convergence rate for the Euler-Maruyama scheme.

The Appendix contains technical lemmas, two types of Gronwall inequalities and
Schauder estimates for the parabolic equations used in the proofs of our results.



Chapter 2

Preliminary

2.1 Localized Bessel potential spaces and mixed L”
spaces

In this section, we introduce the definition of localized Bessel potential space and localized
mixed ILP spaces for later use.
Let d € N. For any (a,p) € R x [1, 00], we write

0P = (I - A)™/2 (LP(R?))

for the usual Bessel potential space (see [96, Chapter V] for example) with the norm given
by
[ fllap = 1T = 2)*2F]l,,

where || - ||, is the usual LP(R?)-norm. Here (I — A)*/2f is defined through Fourier’s
transform

(I— A2 f=F 1 ((L+]-P)2Ff).

We note that if @« =n € N and p € (1,00), an equivalent norm in H™" is given by

[l = LFllp + 1V Fllp-

For any r > 0, let B” be the ball in R? with radius 7 and center z. Let y : R — [0, 1]
be a smooth cutoff function with x|, =1 and x|ps = 0. For fixed r > 0, we set

o(z) = x((x — 2)/r), =, z€RL (2.1)

Given r > 0, we introduce the following localized H“P-space:

HP = {f € H?(RY) : [ fllap = sup X fllap < OO} : (2.2)

28
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Clearly, this space does not depend on r and the corresponding norms are equivalent.
When a = 0, we simply write

L? =1 and [Ifll, = I fllos-
It follows from Holder’s inequality that for any 1 < po, < p; <
LPY [P C [P

This monotonic property is the main advantage of using localized spaces.
For 0 <ty <ty, T >0,p,q€[l,o0] and a € R, we set

LA (to, t1) = Lq([to,tl];Lp), LAT) :=LL(0,T), HPP(T):= Lq<[O,T];H°"p).

Now we introduce the localized space

feo(T) = {f € HON(T) : [ f gy = b INES sy < oo}. (23)

z€R4

By a finite covering technique, it can be verified that also the definition of Iﬁlgvp does not
depend on the choice of r (see [109, Section 2]). We note that all these spaces are Banach
spaces and that

L([0,7); H*P) € HO?(T).
For a = 0, set
~ =
LA(T) = H,*(T).
If ¢ = oo, for simplicity, we define
HP(T) := L=([0,T); H*?), LP(T):=L2(T), and L¥ :=L>([0,T] x RY).

Moreover, for a > 0, let C* be the usual Holder space with norm:

HfHCa = [i.d: ||V]f||oo + sup |V[a}f(x) — v[a]f(y)|

r#ycRd ’I‘ - y’a—[a]

, (2.4)

=0
where V7 stands for the j-order gradient and [a] stands for the integer part of a.
Lemma 2.1 (Embedding lemma). Let 1 < p < oco. Then we have
fiow ¢ godiv
and
H*?(T) < L= ([0, T];Co~4/?)

provided o« > d/p.
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Proof. Tt follows from Sobolev’s embedding theorem that H*? C C*~%? if o > d/p. Note
that

gllca—arm < sUp [|X2g]|ca-asn
VA

for all g € C*~%? and r > 0. Therefore, we have

9llca—are < sup ||xigllca—arm S sup||xigllmer = |9l gos-
z z

Moreover, for all f € Ho» (T") one sees that

sup || f(t)llca-arp < sup sup [X7f ()llcamare S sup sup (X7 f(O)llmer = [1f lgesr)-
te[0,T] tel0,T] = te[0,T] =

The following lemma is from [67].

Lemma 2.2. Let p,q € (1,00], T > 0 and u € ]ﬁlgm(T) with Oy € Hj{;(T). The following
statements hold.

(i) If d/p+2/q < 2, then u(t,z) is a bounded Holder continuous function on [0,T] x RY.
More precisely, for any R > 0, ¢, € (0,1) satisfying

e+d/p+2/g<2, 20+d/p+2/q<2,

there is a constant C = C(d,p,q, R,&,d) such that for all s,t € [0,T] and z,y € R? with
z|, [yl < R

Ju(t,z) — u(s,y)| < C (|t = s|” + |z — y[F). (2.5)

(ii) If d/p+2/q < 1, then Vu is Holder continuous in [0, T x R?, that is for any e € (0,1)
satisfying

e+d/p+2/qg<1,

there is a constant C' = C(d, p,q,e,T, R) such that for all s,t € [0,T] and z,y € Bg, (2.5)
holds with ¥V u in place of u and £/2 in place of §.

Proof. We note that by definition, for any R > 0, ulg, € H2?(T) with dyulp, € L2(T).
Thus, it is direct from [67, Lemma 10.1]. O

Now, let’s introduce the definition of localized mixed LP-spaces, which was originally
introduced in [10]. As we have seen in the introduction, these are very suitable for singular
interacting particle systems (see also [53]).



CHAPTER 2. PRELIMINARY 31

We set
Sq = {m™ = (i1,42,..,iq) : any permutation of (1,2,...,d)}.

For a multi-index p = (py1,--- ,pa) € (0,00]? and any permutation w € Sy, the mixed
LP-space is defined by

P1

flle = ( / ( [ ([ d)dx)d> (26)

When p = (p,---,p) € (0,00]% the mixed LP-space is the usual LP(R?)-space. Note that

for general w # #’ and p # p/,
LY 21 £12,

For multi-indices p, q € (0, 00]%, we shall use the following notations:

d d
1 (1 1) 1
—=\—""Hs—), DP-q:= DPigi, “ -
» 2 2o
and
P>q (tesp. p>q; p=q) <= p; > q; (vesp. p; = q;; pi=¢q;) foralli=1,.-- d.

Moreover, we use bold numbers to denote constant vectors in R?, for example,

For multi-indices p, g, € (0, cc]¢ with 1—1) + }n = %, the following Holder inequality holds

1fglleg < ANz llglly- (2.7)

For any multi-indices p, g, € [1, 00]? with % + % =1+ %, the following Young inequality
holds

1S * glle < 1fllee llgllus,- (2.8)

For p € [1,00]%, we introduce the following localized LL2-space:
L2 = {f € Lic®), Ifllz = sup XSl < o0}, (2.9)
and for a finite time interval I C R and ¢ € [1, 0o,

LIII(]Lz) = {f € Llloc(I X Rd)? ’||f|||if(i£) ‘= sup ||X£f||]L‘f(]Lfr) < OO}’ (21())
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where for a Banach space B we set
LY(B) := LYI; B).

By the finitely covering technique again, it is easy to see that the definitions of IEﬁ and
LI(L?) do not depend on the choice of r, and for any 1 < ¢o < ¢; < 00 and 1 < p, <
D < 00,

L2 C Lk, L(ILR) C LiE(LE2). (2.11)

Since the supremum z in the definition of H:}’(Efr) is taken outside the time integral, we
obviously have

LI(LE) € Li(LR).
For simplicity we write

(L2), Lf:=Lf

L7(L%) == L 0,77

[0,7) (L7), LF(C) = LﬁiT} (C*).

Example 2.3. For i = 1,--- /d and a € (0,1), let fi(z) = b(x)|z;|~, where b(x) is a

bounded measurable function. It is easy to see that f; € LE | where

mi= (10— L+l ,di)

and p = (00, -+ ,00,p) with p € (1, é) From this example, one sees that for a C*-
diffeomorphism @ from R? to R?, say ®(z) = (x4, 21, -+ , Ti_1, Tit1, -+ ,Tq), it may hap-
pen that B

fio® ¢ ILE .

The following lemma is obvious by the definitions.

Lemma 2.4. For any f € L2, there is a constant C = C(p) > 0 such that for all
e (0,1),

I fllze < Clfllie, (2.12)

and for any R > 0,
. . R b —
lim [|(fe = f)xo ez = 0. (2.13)
The local Hardy-Littlewood maximal function in R? is defined by

Mf(z) = sup

re(0,1) | o| Bp

The following result is taken from [109, Lemma 2.1] and [52, Theorem 4.1].
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Lemma 2.5. (i) There is a constant C = C(d) > 0, such that for any f € L*(R?)
with V f € L (R?),

() = f(y)] < Clz = y|(M|V fl(2) + MIVFI(y) + [ ll) (2.15)
for Lebesgue-almost all x,y € RY.

(ii) For any (q,p) € (1,00)*, there is a C = C(d,p,q) > 0 such that for all f €
Li(LR),

1M fllg 2, < CllF g ez, (2.16)

2.2 PDE with singular coefficients

2.2.1 Localized L? spaces

In order to study DDSDE, we consider the following second order parabolic PDE in
RJ’_ X Rd:
Ou = a;;0;,0;u — Au+b-Vu+ f, u(0) = ¢, (2.17)

where A > 0, a = (a;;) : Ry x R —» R? ® R? is a symmetric matrix-valued Borel
measurable function satisfying (H,), i.e.,

(H,) there exist constants ¢ > 0 and 6 € (0, 1) such that
cg '€l < la(t, 2)¢] < colél,  llalt,z) — alt,y)llus < colz =y’
for all ¢ € R, t € Ry and z,y € RY,

and b: R x R? — R? is a vector-valued Borel measurable function. Firstly, we introduce
the definition of a solution to PDE (2.17).

Definition 2.6. Let "> 0, p,q € (1,00), A > 0, b, f € Iﬁg(T) and ¢ € Cp°. We call a

function u with dyu € ]Ijg(T) and u € ﬁg*’(T) a solution of PDE (2.17) if for Lebesgue
almost all (¢,7) € R, x RY

u(t,z) = /0 (aij005u(s, x) — Au(s,z) +b- Vu(s,z) + f(s,z))ds + ().

Remark 2.7. For any x € C5°(RY) and f € ﬁg’p(T), by the definition of the localized
spaces ]ﬁlg"p(T), we have x f € HJ?(T). Hence for any solution u of PDE (2.17) in the
sense of Definition 2.6, xu is Holder continuous on [0, 7] x R? if d/p+2/q < 2 according to
(67, Lemma 10.2]. Moreover, V(xu) is Holder continuous on [0, 7] x R? if d/p+2/q < 1.
In view of the arbitrariness of the cut-off function y, u (respectively, Vu) are locally
Holder continuous on [0, T] x R4 if d/p + 2/q < 2 (respectively, d/p +2/q < 1).
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The following property of the solution u comes from [109, Theorem 3.2].

Lemma 2.8. Let T > 0, A > 0 and p,q € (1,00). Assume (H,) holds and b € i[:gi(T)
with p1 2 p, 1 =2 q and 2/q1 +d/p; < 1. Set

©:=(d,T,p,q, HbHEZ%(T),CO,H).

Then there is a constant \g = \o(©) such that for all A = Ao and f € EZ(T) and @ € H>P,
there is a unique solution u to PDE (2.17) on [0,T] in the sense of Definition 2.6 such
that for any o € [0,2), p' € [p, 0], ¢’ € [q, 00| with

2 d 2

d
B=2—a+—+——(=+-)>0, 2.18
qg P (q p) (2.18)

there is a constant C = C(©,a,p',q') > 0 such that for all X = g
8
A? ||\U|||ﬁ?pf(T) +10ullp iy + I1Vullep oy < C U Mgz + Nell2s)- (2.19)

Remark 2.9. By Lemma 2.1, we have u € L>([0,7]; C?) for any v € (1,2 —2/q — d/p).

Proof. We note that u is a solution to PDE (2.17) with u(0) = ¢ in the sense of Definition
2.6 if and only if @ := u — ¢ is a solution to PDE (2.17) with @(0) = 0 and f =
[ +a;j0,0,0 — Ap —b- Vo. Based on Lemma 2.1, we have

I/ + ai;0:0;0 — Ap = b- Vol ) S N fllgzr) + lellzp + 10llgz ) Vel
S Wl + (1 + Wollsr ) ellop,
and complete the proof by [109, Theorem 3.2]. ]

With the help of a priori estimate (2.19), we obtain the well-posedness of PDE (2.17)
for any A > 0.

Proposition 2.10. Let T > 0, p,q € (1,00) with 2/q+d/p <1, A >0, b€ E{I’(T). Then

for all f € fl:g(T) and ¢ € H>? there is a unique solution u to PDE (2.17) on [0,T] in
the sense of Definition 2.6 such that

IVullz + 10y ry + Bullgzogry < € (g + Ul s ) (2.20)
where C'= C(O, \).

Proof. By the standard continuity method, it suffices to show a priori estimate (2.20) for
(2.17). To this end, we rewrite (2.17) as

Gtu = aijaiaju — ()\ + )\0)’& +b-Vu—+ f + )\ou,
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where \g is as in Lemma 2.8. In view of Lemma 2.8, we have

B
O+ 20) fullzsy + 10religry + IV ulizgery < € (Il + Mollwligry + ol )
(2.21)
where C' = C(©,a,¢) >0, 8 =2—a+ % — % > 0. Taking ¢’ = oo in (2.21), then we

have

T 1
8 q
(A+Ao)? S lu(@)l, < € <|||f gz cry + 2o ( /0 IIIU(t)IHZdt) + |||¢|||2,p) :
S )

Now it follows from the Gronwall lemma that

swp Jlu(®)ly < C (I llggery + Il ) (2.22)
te€[0,7

where C' depends on O, a, A. Combining (2.21) and (2.22), we obtain for 1 < a <2—2/q

ol + Wby + Welizrey < C (W llggery + el -
and complete the proof by Lemma 2.1. O
Next we consider the following second order elliptic PDE in R%:
a;;0;0;u — Au+b-Vu = f, (2.23)

where A > 0, a = (a;;) : R - R? ® R? is a symmetric matrix-valued Borel measurable
function satisfying (H,) and b : R? — R? is a vector-valued Borel measurable function.
Firstly, we introduce the definition of a solution to PDE (2.23).

Definition 2.11. Let p € (1,00), A\,T > 0 and b, f € LP. We call u € H*? a solution of
PDE (2.23) if for Lebesgue almost all z € RY,

a;;0;0;u(z) — Au(x) + b(z) - Vu(z) = f(x).

As a corollary of Lemma 2.8, we have the following results.

Lemma 2.12. Assume b € LP for somep > d. Then there are constants Ao = Ao(d, |||, p, co, 0)

and C = C(d, ||b|,, p, ', co, ) such that for any X > Xy and f € LP, there exists a unique
solution u to PDE (2.23) in the sense of Definition 2.16 such that

B
A2 lull gor + IV*ull, < ClLEI (2.24)

where a € [0,2),p € [p,o0],p" € [p, 0] wz’thﬁ::Z—Cz+§—%>0-
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Proof. As usual, it suffices to show the a priori estimate (2.24). Let T > 0, u be a solution
to (2.23) and ¢ be a nonnegative and nonzero smooth function on [0, co) with ¢(0) = 0.
Define a(t, x) := ¢(t)u(x). Then, one sees that @ is a solution to the following parabolic
equation in the sense of Definition 2.6:

By (2.19), we have for any o € [0,2),p" € [p,o0] with f:=2 —a + 1% — g >0,

By~ ~
A2 [|t]| o @ T |||V2u||]EP(T) < Cfl¢'u — ¢f|||]ip(T)7

which implies that

B —
A2 flull o + IV2ull, < Cllolls (16 lsollully + 1@lloll £115)

where ||§]|oo = supe(o 7y |9(t)[- Noting that [|ull, < [|u||,,, we obtain (2.24) and complete
the proof. O

2.2.2 Localized mixed L? spaces

In this part we show the well-posedness to the PDE (2.17) with drifts in mixed L2-space.
For t > 0, let P,f(z) = Ef(z 4+ v/2W,) be the Gaussian heat semigroup, i.e.,

RA@) = [ e =) )y (2.25)

where ,
gi(z) := (47rt)_ge_% :

First of all, we establish the following easy estimates about P;.

Lemma 2.13. (i) For any p € (1,00)%, T'> 0 and B8 > 0, there is a constant C =
C(T,p, 3,d) > 0 such that for all f € LP and t € (0,T],

1P fller < Ct2CHED | flpn. (2.26)

(i1) For any q > p, there is a constant C' = C(q,p,d) > 0 such that for all f € L2 and
t>0,

_1 1, 1
IVPflla < Ct 2081l £l (2.27)
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Proof. (i) Note that for m =0,1,---,

V"Pif(z)= [ V"g(x —y)f(y)dy.

Rd

For é + % =1, by Hélder’s inequality (2.7) and the scaling, we have

Ll L m
IV Piflloo < IV gellug [ Fllz = 2201V g1 g | £z,

where [[V™g1]|pa < co. Then estimate (2.26) follows by the interpolation theorem for
Holder spaces.
(ii) For r € [1,00]? with % +1i=1+ %, by Young’s inequality (2.8) and the scaling,

we have
1

Cl(igdo|L
IVPflles < IVl fllue = 720DV g [ £llue-
Then estimate (2.27) follows because ||Vgi||Lr < oo. O

We introduce the following index sets for later use:
I = {(q,p) € (2,00 |1+ 2 < 1}, (2.28)
and
I = {(q,p) € (1,00)": |%|+§<m}, m=1,2. (2.29)

Remark 2.14. We note that .#° C .#. For (¢,p) € ., it holds that (£,%) € .%.
For A > 0 and f € L}(LL?), we define

t
u(t,x) := / e MNP, f(s,x)ds, t >0,
0
which solves the following non-homeogenous heat equation

du = 3Au— M+ f, u(0)=0.

Lemma 2.15. (i) For any T > 0, (¢,p) € H and B € [0,2 — |zl)| - %), there is a
constant C = C(T,d, q,p, ) > 0 such that for all X > 0,

1o g 112
(v VD g 0y < Ol lsny (2:30)

(i) For any T >0, (¢,p) € S and (¢',p) = (¢,p) with || + 2 < | 5[+ 2 + 1, there is
a constant C = C(T,d,q,p,q,p’) > 0 such that for all A > 0,

L)L 42|12
(v IR ul g ) < Ol gz (2:31)
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(111) For any T > 0, (¢,p) € S and X > 0, there is a constant C = C(\,T,d,q,p) > 0
such that for all 0 <ty <t; < T,

luty) — ulto)lso < Ot — t0)2 | fllus.wz). (2.32)

Proof. (i) For g € [0,2 — ] | — —) by (2.26) and Hoélder’s inequality in the time variable,
we have

t
lu®)lles < / e M=) (¢ )~ HEHED | £(s) L ds

t "
(/ (e_xssé(BJr,l,D)ﬁfqlds) [ fllLe.wz)
0

1 _ji_2
(G=rl3] q)||f||LqT(JL£’,)-

<(1v )2
(ii) For (¢, p’) = (¢, p) with |%| —i—% < |I%| + % + 1, by (2.27) we have

N

t
Hvu(t)H]Lp, 5/ e—A(t—s)(t _ 3)—%(1+|%|—|§|)Hf(s)HLgd&
™ 0
Let r > 1 be defined by === + 1— %. By Young’s inequality we further have

T _r 11 1
||V“||L;’(Lg’ < (/ o mAs g3 (15l |P’|)d8> HfHILqT(]L?,)
0

P £l g,

(iii) For 0 < tg < t; < T, by definition we have

S (AN

to
u(ty) — u(ty) = / e_’\(tl_s)(Ptl_s — Pyy—s)f(s,x)ds
0 .
e 1) [T MR f(s,a)ds
0

t1
+/ e M=Ip  f(s,x)ds
to

=. Il +IQ+]3.

For I, noting that

1 t t 1
P = Tl <5 [ 1ARAwts £ ([ 5735) 1971 5 209
0 0
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by (2.26) and Holder’s inequality, we have

1 to
Il < (6 — to)? / IV Py (5)lloedls
0

[V

tO 1 1
< (t1— to) / (to — ) 0T £(8) Lnds
0

1,5(1-2-12))
S(ti—t)ts P fllewe,

and because 1 — e 1=0) < \(t; — ),

| lle S A — t0) 1l )

For I3, as above, by (2.26) and Hélder’s inequality, we have

tl*to
[PEY S (/ (e,\ss_;|;|>qgld8>
0

Combining the above estimates and because % + |%| < 1, we obtain (2.32). O

1—1
1 12491
HfHILqT(ILﬁ) < (t - tO)l 2(q+"’|)||f‘|LqT(L$’r)-

Now we shall study the following second order parabolic PDE in R, x R%:
O =tr(a-V*u)+b-Vu— u+f, u(0)=0, (2.33)
where A > 0, a := 00* /2, o satisfies (A”) and
b, f € Lige(Ry x RY).
We introduce the following notion of solutions to PDE (2.33).
Definition 2.16. Let T > 0 and %y C L (R, xR?) be some subclass of locally integrable

loc

functions. We call u € Uy a solution of PDE (2.33) if for all t € [0,T] and ¢ € C.(R?),

t ¢ ¢
(w(®). ) = [ (ta- 720 +0-Vug)ds 2 [ s+ [ (.00
0 0 0
where we have implicitly assumed that V?u € L. and Vu € L2, so that the terms on the
right hand side are well defined. Here %y will be specified below in the respective cases.
We first show the following result for bounded drift b (see [74, Theorem 2.1]).

Theorem 2.17. Let T > 0 and (¢,p) € (1Loo)1+d. Suppose that (A7) holds and b is
bounded measurable. Then for any f € LL(LP) and 8 € [0,2 — |%] — %), there exists a
unique solution uw € Zr in the sense of Definition 2.16, where %y consists of all u with

1o _p_ 1112
(v AP0 lullz sy + 1V ulliy 52y < Cll g in): (2.34)
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Here and below, the constant C' = C(T, Ko, d,p,q, B, [|bllLse) > 0 is independent of \.
Moreover, for any (¢',p") > (q,p) with |%| +§ < |1%| + % + 1, we also have

La+bI+2-14-2)
AV A2 A Vullgy gy < Clfllzs @), (2.35)
and for all 0 <tg <t < T,
[u(t) = ulto)llee < CA) (1 —10)2 1 fllgg 22)- (2.36)

Proof. We only prove the a priori estimates (2.34), (2.35) and (2.36). The existence is
then standard by mollifying the coefficients and a compactness argument. Fix » > 0. Let
X. be the cutoff function in (2.1) and w, := ux?. It is easy to see that

8th = tr<a : vzwz) - )\wz + Gz, wz(()) = 07 (237)

where
g. = tr(a - V)X, — tr(a- Vw.) + (b- Vu)x' + fx5.

Let (q,p) € (1,00)'"4. By [74, Theorem 2.1], there is a constant C' = C(T, k¢, d, p,q) > 0
such that

lw:lluswe) + 1Vw:lls wz) Se llg:lgwe)- (2.38)
On the other hand, we can write (2.37) as
ow, = Aw, — M, + tr((a — 1) - V2w,) + g., w.(0) =0,

and by Duhamel’s formula,

w,(t,x) = /t e NP (tr((a — 1) - V2w,) + ¢.)(s, z)ds.
0
Note that by (2.38),
ltr((a = 1) - V2w.) + gellus ey < N9=llugwe)- (2.39)
For g € [0,2 — |z_11| - %), by (2.30) and (2.39) we have
VNI gz o) S losllipes. (2:40)

For (¢/,p') = (¢, p) with ]%] —i—% < ]I%\ + % + 1, by (2.31) and (2.39) we have

L4 42 —|L-2
(1v 2RO+ HF-15 q)\lvwz’hg(m’) S llg:lleg we).- (2.41)
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For 0 <ty <ty < T, by (2.32) and (2.39) we have
Jw:(t1) — wx(to)lloe S (T = t0)* |92z @z)- (2.42)
Since x2"Viy" = VIx" for j =0, 1,2, we have

lg:llewz) S IVeVX g we) + [V lligwe) + Il | Vuxtllus e,
< (VAo + 1BllLs) Vs ey + IV loolluxz g az).

Substituting this into (2.38), (2.40), (2.41) and (2.42) and taking supremum in z € R%
we obtain

Iz @y + IV ulles @p) S W lgs @) + IVullzy @z) + Nullzs gz) (2.43)
7 (IL7) ) ) 7 (L7)
1) _ 2
and for 6 c [0,2 — |E’ — a),
1 _2
(1 AN e ey I1/lzs &2 + IVullzs @z) + lullzs @z, (2.44)
L%) (L) (L)
and for (¢, p') = (¢,p) with || + 2 <[J[+ 2 +1,
s+l I+ =153 <
VAo AVl gy S W fllzsge) + IVulley ey + lullzy @y, (2:45)
and for all 0 <tg <t; < T,
1
lu(ta) = uto) o S (6 = t0)* (I Uiy gy + IVubig gy + Nelliggy). (246)
Note that by the interpolation inequality, for any € € (0, 1),
IVl ge, < lVullzs g + Celluliy g

Substituting this into (2.43) and choosing € small enough, we derive that for any ¢ € [0, 77,

lu®lze + 1V ullgs g2y S 1 s gz |||u )z ds
T( ) T(
By Gronwall’s inequality, we get
Fullys cpy + I9%lg o) < Ol ey

which together with (2.44), (2.45) and (2.46) yields (2.34), (2.35) and (2.36). O
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Remark 2.18. For any 7,y > 0 and (¢, p) € %, thereis a C = C(T,~,d, q,p) > 0 such
that

T
supE ( /0 h(s, z + st)ds> < Clltllgy g (2.47)

T

Indeed, let a = \/v/2I, b =0, A =0 and f(s,z) = h(T — s,x) in PDE (2.33). By (2.34)

we have

T T
E( / h(s,x+ww>ds)= / Pyr—gf(s,2)ds = u(T.2) < Ifllza cn, = Whllzg p)-

In particular, once we have the Gaussian type density estimate for SDEs, then by (2.47),
we immediately have the Krylov estimate as we shall see in Theorem 3.14 below.

Next we consider the drift b being in the mixed LP-space, where each component b;
may lie in a different mixed LP-space. Thus the second order generalized derivative of u
stays in a direct sum space of mixed LP-spaces. To solve (2.33), we consider the followng
systems:

{ Oyug = tr(a - Vug) — Aug + f,  up(0) =0,

y | (2.48)
8tu,- = tI‘(CL : VQUJl) + bl . @-(ijo Uj) - )\Ui, Ul(O) = 0, 1 = 1, .y d.

Clearly, u := Z?:o u; solves the original scalar PDE (2.33). The following result seems
to be new and is the cornerstone of studying SDEs with singular mixed LP-coefficients.

Theorem 2.19. Let T > 0. Suppose (H,) and for some (¢;,p;) € # and w; € Sy,
i=1,-.d,

101[gar o1y + - - 4 1ballgoageay < F1 < o0 (2.49)
Let 7wy € Sy and (qo, py) € #1. Define
19::1—'518&)( (] + 2). (2.50)

d" ' Pi ¢
For any f € f[:qTO(f[:fr%) and B € [0,1), there is a constant Cy = Co(T, ko, d, p;, ¢, 5) = 1 so
that for all A > C’Oiif/ﬁ, there exists a unique solution uw € %r to PDE (2.33) in the sense
of Definition 2.16, where % consists of all u = ug + uy + - -+ + ug with (ug, uy, ..., uq)
solves (2.48) and

d

19—
A ulhzonn + 3 IV ullepaz) < Ol Iopaz) (2.51)

where Cy

= C\(T,ko,d,p;,qi, ) > 0 is independent of X and ky. Moreover, for all
0 < tO < tl < T;

lu(t1) = u(to) oo < CON(tr = t0)7 | fllzso 0 (2.52)
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Proof. Again we only show the a priori estimate (2.51) since then the existence can be

shown by a compactness argument. Let u = ug+uj + - - - + ug, where (ug, uy, ..., ug) solves
(2.48). Let A > 1 and 8 € [0,9) with ¢ being defined by (2.50). By Theorem 2.17 with
b =0, we have
A2 (-lpg =28 2 <
o7 uglle esy + IV %ollzanzan) S Iz

and )
luo(t1) = uo(to)lle < CA)(tr = t0)2 [ fllzo0 20

and for each i =1,--- ,d,
s(=lpl—o—8
A0 e vy + IVl sy S b - Boullgys ey S Ibillzss s 19suluse

and

[ui(ty) = uilto)lloo < CA) (1 = t0) 2 [1billgss g2i

Summing up the above inequalities for ¢ from 0 to d, we obtain

d
19—
A2 | e cremy + z; IV uillgs: @iy < Cill fllzs @zo) + Cornl|VullLs

where C, Cy only depend on T kg, d, p,, q;, 3, and
1
[ut1) — uto)lloe < CA) (1 — to)? <H1||VU||L39 + |||f|||£;0(xtzg))-
Choosing Cy = (C3/2)%? v 1, we obtain (2.51) and (2.52) for all A > Cor>'". 0

2.3 Strong solutions, weak solutions and martingale
solutions to SDEs and DDSDEs

In order to make the definition of solutions to the SDEs clear, we recall some classical
terminology. Let (2, %, (%#;)i=0, P) be a probability space equipped with a filtration. We
consider the following SDE:

¢ ¢
X = Xo +/ b(s, Xs)ds +/ o(s, Xs)dWs, (2.53)
0 0

where b : R, x R? — R? o : R, x R? — RY®@R? are measurable and (W, ) is a standard
d-dimensional Brownian motion. Then we call (X;);>0
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e a weak solution to SDE (2.53), if one can construct a filtered probability space
(Q,.Z, (F)i=0,P) and a adapted d-dimensional Brownian motion (W;);>¢ under P
such that (2.53) holds P-a.s. and

t t
/ Ib(s, X.)|ds + / lo(s, X,)[%sds < 00 P-as. (2.54)
0 0

e a strong solution if it is a weak solution and (X;)io is adapted to the Brownian
fitration F)V = o(W,, s € [0,1]).

Moreover, we call

e uniqueness in law holds for SDE (2.53) if every weak solution X to SDE (2.53),
possibly on different probability spaces, has the same law in P(Cy) for any 7' > 0;

e pathwise uniqueness holds for SDE (2.53), if on any given filtered probability space
with any given Brownian motion, any two weak solutions to SDE (2.53) with the
same initial data X, € %, coincide P-a.s. in the path space C(R ;R%).

We also call a
o weak well-posedness holds for SDE (2.53), if there is a unique weak solution in the
sense of uniqueness in law;
e strong well-posedness holds for SDE (2.53), if there is a unique strong solution in
the sense of pathwise uniqueness.
It is well-known that

e when weak well-posedness holds for SDE (2.53) with any initial data z, then weak
well-posedness holds for SDE (2.53) with any initial data X, € % (see [86, Propo-
sition 1.4, page 367]). If we denote by P(x) and P the law of the unique solution to
SDE (2.53) in P(C(R;R%)) when Xy = z and Xy = £ € %, respectively, then

P= /Rd P(z)Po (£)*(dx).

e (Yamada-Watanabe’s theorem) if pathwise uniqueness holds, then uniqueness in law
holds and every weak solution is strong (see [86, Theorem 1.7, page 368]). Also, see
[86, Exercise 1.20, page 375] for a converse version.

e when strong well-posedness holds for SDE (2.53) with any initial data x. There is
a measurable function ® on R? x C(R,;RY) such that for any filtered probability
space (2,.7, (Zt)i=0, P) thereon a Xy € %y and a adapted d-dimensional Brownian
motion (W})o,

X, i= (Xo, W)
is the unique strong solution to SDE (2.53) (see [86, Remark 2, page 369]).
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Next, we consider the following distribution density-distribution dependent SDE (ab-
breviated as dDDSDE):

dXt = b(t, Xta pt(Xt>7 [LXt)dt + O'(t, Xt)th, (255)

where p;(z) is the density of X; and b(t,z,7,u) : Ry x R x R, x P(RY) — R? is a
measurable function. The following is the definition of weak solution to dDDSDE (2.55).

Definition 2.20. Let 4 := (Q, . F P, (Z:)=0) be a stochastic basis and (X, W) be a pair
of continuous F;-adapted processes. Let py € P(RY). We call (X, W,80) a solution of
dDDSDE (2.55) with initial distribution pg if

(i) o =P o Xy' and W is a standard Brownian motion on L.

(ii) For each t > 0, the distribution ux, of Xy admits a density py,

¢ t
/ |b(s,Xs,ps(Xs),,qu)|ds+/ lo(s, X,)|]2ds < o0, a.s.,
0 0

and

¢ ¢
X; = X, —|—/ b(s, Xs, ps(Xs), px,)ds —I—/ o(s, Xs)dWs, a.s.
0 0

We call (X;)i0 a strong solution to dDDSDE (2.55), if it is a weak solution to dDDSDE
(2.55), and for b(t, x) := b(t, z, p(x), ux,), (Xi)i=0 is a strong solution to SDE (2.53). We
also say weak well-posedness and strong well-posedness for ADDSDE (2.55) when we fix
b(t,x) := b(t,z, ps(z), px,) and regard it as SDE (2.53).

Let T > 0 and Cr be the space of all continuous functions from [0,7] to RY. We
use w to denote a path in Cr and by wy(w) = w; to denote the coordinate process. Let
B, := o{ws,s < t} be the natural filtration. We also introduce the following notion of
martingale solutions to dDDSDE (2.55).

Definition 2.21. Let g € P(R?). A probability measure P € P(Cr) is called a martin-
gale solution of dDDSDE (2.55) with initial distribution po if Powy' = uo and for any
f € C2(RY), the process

Mtf(w) = f(wt) - f(w()) - /0 (%tr<(00*>(37 ws) : VQ) + b(S, Ws, ps<ws)7 ,us) : V)f(ws>d3
(2.56)

is a Bi-martingale, where pus := P o w;' has a density ps(z). We shall use //l;j’(;b to
denote the set of all martingale solutions of dDDSDE (2.55) associated with o,b and
wnitial distribution pig.

Remark 2.22. It is well known that weak solutions are equivalent to the martingale
solutions (see [97]). If we consider the classical SDE, i.e., b only depends on (¢, z), and if
for each starting point (s, z), there is a unique martingale solution starting from (s, z),
then as usual, we say the martingale problem is well-posed.
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2.4 Some well-known results about relative entropy

In this section we recall the notion and some basic facts about the relative entropy. Let
E be a Polish space and u, v be two probability measures on F. The relative entropy
H(p|v) is defined by

du dp
—1 — |dv, <L v,
Hulw) = /Edu °8 (dy) oo S (2.57)

00, otherwise.

Since x — zlogz is convex on [0, 00), by Jensen’s inequality, we have H(u|v) > 0. Here
we give a brief proof to the following data processing inequality.

Lemma 2.23. Let E,F be two Polish spaces. Let p,v € P(E) and X : E — F be
measurable. Then, we have

H(vo X~ Hpo X1 < H(v|p).

Proof. Without loss of generality, we assume that H(v|u) = oo and v < p. First of all,
it is easy to see that v < p implies v o X7t < o X~ We set

_dl/ _dpo‘l

f(z): @(LE), reFE and g(y):= W(y), y € F.

By definition, for any bounded measurable funtion ¢ on F', we have

/ESO(X(:U))g(X(x))M(dx):/

F

_ /E PX(@)o(ds) = [ (X (a) fo(de),

E

e()g(y)po X' (dy) = /F o(y)v o X~ H(dy)

which implies that g o X = E,[f|o(X)] and by Jensen’s inequality for conditional expec-
tation that

9(X(2))log (X (x)) < E,[flog flo(X)](x), p-ae.

Therefore, we have

H(vo X fuo X) = / o) og g(w)eo X' (dy) = [ g(X(@))logg(X(@))n(d)
_y

</ f(x)log f(z)u(dr) = H(plv)

and complete the proof. O
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The following theorem contains the main tools used below (see [12, Theorem 2.1(ii)],
[31, Lemma 1.4.3(a)] and [29, Lemma 3.9]).

Theorem 2.24. (i) (Pinsker’s inequality) For any two probability measures p, v,
i = vl < 2H(plv). (2.58)

(ii) (The weighted Pinsker inequality) For any u,v € P(E) and Borel measurable func-
tion f,

p— v, f)]? <2 (1 + 1og[Eef<w>2V(dx)> H(plv). (2.59)

(111) (Variational representation of the relative entropy) For any p,v € P(E),

H(ulv) = sup (/ pdp — log/ ewdy) : (2.60)
YEBL(E) E E

where By(E) is the set of all bounded Borel measurable functions.

(iv) (Dimensional bounds on entropy) Let u™ be a symmetric probability measure on EN
and p € P(E). Then for any k < N,

2k
H (™) < SH WY pEN), (2.61)
where u™N'*F is the marginal distribution of the first k-component of p™ .

At the end of this section, we introduce the following entropy formula for the weak
solutions of SDEs, which is a consequence of Girsanov’s theorem (see [70, Lemma 4.4 and
Remark 4.5] for the most general form).

Lemma 2.25. Fori= 1,2, let b’ : R, x R — R? be two measurable functions. Suppose
that for each i = 1,2 that the SDE

dX] = bv'(t, X})dt + o(t, X])dW}, (2.62)
admits a unique weak solution on [0,T] and for any k > 0 and initial data X},

E{exp (;{/O (70" (¢, X7)Pdt) } < 00, Vi, j=1,2. (2.63)

Let P; € P(Cr) denotes the law of (X])ep,r and pf :=P; 0 (w)™', i =1,2. Then for all
t €10,T] we have

M) < M) + 5B, ([ o7 w0 (sm) - Bls,w)Pas ). (20)
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Proof. Without loss of generality, we only prove for ¢t = T. Let P;(x) € P(Cr) be the
law of the unique weak solution to SDE (2.62) when X} = z. Recall that w € Cr is the
canonical process. Under P;(x),

¢ ¢
W} ::/ o (s, ws)dws —/ (o71b") (s, ws)ds
0 0

is a Brownian motion. Then, under assumption (2.63), by Novikov’s criterion and Gir-
sanov’s theorem,

M, == exp (/Ot (0_1(1)2 — 62))((8,w5))dW81 — %/Ot o (s, ws) (b (s, ws) — b2(s,ws))\2ds) )
t € [0,T], is a Py(z)-martingale, and process

W, =W, + /Ot(a_l(b1 — b)) (s,ws)ds, t€0,T],
is a Brownian motion under the probability measure defined by dQ(z) := MpdP;(x). We

note that wy = = under both Py(z) and Q(z). By the well-posedness of SDE (2.62) for
i = 2, we have MpdP;(z) = dPy(x), which implies that

H(P1(2)|Py(x)) = —Ep, (2 [log Mr]

= 38 ([l w0 o) - s wppas) . O
On the other hand, by the weak uniqueness of SDE (2.62) for ¢ = 1,2, we have
P = /R Pur)p(da). (2.66)
Moreover, by [14, Theorem 2.6], we have
H(P1 @ p1g|P2 @ pu) = H(pol1g) + /Rd H(Py (2)[Pa (@) po(d), (2.67)

where Py ® uf := Pi(z,dw)ul(dz) € P(Cr x RY). Now, we let Y : Cp x RY — Crp be
Y (w, ) := w. Then, in light of (2.66), one sees that

]P)i = (]P)Z ® /.LZO) [e] Yﬁl.
Thus, by Lemma 2.23, (2.67), (2.65) and (2.66), we have

HBsIPa) < i) + 3o, [ lo™ (5. 0405, = (s, s ).

In view of the definition, 1i = P;o(w;) ™!, by Lemma 2.23 again, we complete the proof. [J
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SDEs with singular coeflicients

3.1 Strong well-posedness of SDEs with localized mixed
L? drifts

In this section, we will introduce the main method applied in this thesis-Zvonkin’s trans-
formation. In Section 3.1.1, we give a brife proof of the results in [109] so that one can
grasp the main points of Zvonkin’s argument. Combining the Zvonkin’s transformation
and the results of PDE (2.33) in Theorem 2.19, we give the proof to following strong
well-posedness results in Section 3.1.2:

Theorem 3.1. Let T > 0 and x € R%. Assume that the following (H%;,) holds and for
some (¢;,p;) € F°, w; € Sq, i =1,2,..,d, (2.49) holds.
(He, ) There are kg = 1 and 6 € (0,1] such that for allt >0 and x,2',& € RY,

ko Il < lo(t, 2)€| < rolgl, llo(t, ) — ot 2')|lus < molr — /[, (3.1)

where || - || ms is the usual Hilbert-Schmidt norm of a matriz. Moreover, for some
(qo, o) € F° and my € Sq and any T > 0,

mix

||VU||L“T0(L’;%) < Ko (3.2)

Then there is a unique strong solution to the following SDE
dXt = b(t, Xt>dt + U(t, Xt)tha XO = T. (33)

Remark 3.2. If we take d = Nd and for x" = (2!, ..,2") with 2* e R, k =1,.., N, we

define
1 N
‘:NZ (2" = 27)

49
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with some K € L2(R%), w € Sy and p = (p1,..pa) € (2,00, then we have b; € L2 (RN4)
with p; = (00, .., 00, Dn(d—1)+1, - Pna) and ; = (d(i — 1) + 1,..,di, 1,..,d(i — 1),di + 1, ..., Nd).
Here pn(a-1)+i = pi» @ = 1,..,d. Moreover, |%| = |11)| Thus, when |11)| < 1, we obtain the
strong well-posedness for the following N-particle systems

N
1 . A .
dxNi = NZ (XM= Xy dt 4 AW

In particular, when K € LP(R%), |%| = %, the condition is p > d V 2.

3.1.1 Strong well-posedness of SDE with localized L” drifts- An
example for Zvonkin’s transformation

In this part, we will follow [116, 109] and prove the strong well-posedness of the SDE
(3.3) by using Zvonkin’s method, where b € LP! and o : Ry X R? — R¢ ® R? satisfies the
following assumption

(A°) there exist constants ¢g > 0 and 6 € (0,1) such that for all (¢,z,¢) € R, x R?*?
co '[P <o (t, 2)EP < colél?, ot 2) — o(t.y)llms < colw =yl
where || - || gs stands for the Hilbert-Schmidt norm of a matrix.

In the sequel, we set a;; = %Zk oik0j,. We note that the condition (A”) implies the
condition (H,). In this part, we will prove the following result

Theorem 3.3. Assumeb € ]’I:gi and Vo € ]Eg; for some p;, q; € [2,00) with d/p;4+2/q; < 1,
i =1,2. Then, for each x € R, there is a unique strong solution X; to SDE (3.3).

To this ends, the following Krylov type estimate will play a crucial role.

Lemma 3.4 (Krylov’s estimate). Let T >0, b € ﬁ:{ﬁ (T") for some py,q1 > 1 with d/p, +
2/q < 1. Assume (A?) holds. Then, there is a unique weak solution (Xi)icpo,r to SDE
(3.3). MOreover, for any p,q € (1,00| with d/p+2/q < 2, there is a constant C > 0 such

that for any f € Lb(to, t1) and all 0 <to <t < T,
t1
B ([ 1706, X170 ) < Ol (3.4
to

In order to show the proof, we need the following preparations. First, we give the
following two results under stronger conditions.
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Lemma 3.5. Let T > 0, b € f[:gi(T) for some p1,q1 > 1 with d/p; + 2/q1 < 1. Assume
(A?) holds. For any p € (1,p1] and q € (1, 1] with d/p + 2/q < 2, there is a constant
C' > 0 such that for any weak solution X, of SDE (3.3), any f € Eg(to,tl) and all
0<to <t <T, (3.4) holds.

Proof. Without loss of generality, we assume f > 0 and p, g # oco. Indeedly, once p = oo
or ¢ = 0o, we can choose a p’ < p of ¢ < g such that d/p'+2/¢' <2 and f € Lz’:(to,tl).
Let A\ be the constant in Lemma 2.8. For any ¢; € (0, T], by Lemma 2.8, there is a unique
solution u € ﬁg,p (t1) with Jyu € IE{I’ (t1) to the following backward equation:

ou+ a;j0;0;u+b-Vu— X u=f, u(t;)=0.
Let u, := u * I, be the mollifying approximation of u in R, Set
Tof = Oy + 050,051y + b - Vu, — Aoty
For any R > 0, define a stopping time
Tr = inf{t > 0 | | X¢| > R}. (3.5)
It follows (2.54) that

lim 7 = 00, a.e..
R—o0

Since u, € C°(R¥1). In view of Itd’s formula, we have

E <un(t1 A TR)‘ﬁm) — Eu,(to A1) = E (/tl/\m Tf + o), Xs)d3‘§t0> |

0NTR

Then, taking (a,p’,¢") = (0,00, 00) in (2.18), one sees that

t1NTR
B ([ Lo 005] 5, ) € G0t Dl S lligey (40
t,

0NTR

In particular, letting R — oo and 0 =ty < t; =T, we have

T
B ([ Tufls.X005) £ WEuflgen, (37)
Now we claim for any R > 0,

Tim (L] — Fxerllger = 0. (38)
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In fact, based on (2.13) and (2.19), by Holder’s inequality, we have

Tim (T f = f)xrlluger) S lim <||(atu — ) Xrlly + 1V = V2u,) xRy
1w = wa)xallug + 15+ (Vi = V) xalliger))
57111_{{)10 HbX2RH]L§% (T)“(vu - VUn)XRHLz;j(T) =0,
where 1/q1 +1/¢ = 1/q and 1/p; + 1/p' = 1/p. Hence,
A= {T,fxn | n €N, f € Ly(T)}
is a dense subset of L9((0,7); L?(Bg)), which by (3.7) implies that for almost every s €

[0, 7], X5 admits a distributional density p(s,y) € LI((0,T"); LP(Bg)) where 1/g+1/q =1
and 1/p+ 1/p = 1. As a result, by Holder’s equation, we have for any R > 0,

i 8 ([ s = gt xas) < [ et = it nas

n—00 OATR
S i (T f = F)xerllzp g = 0

Therefore, letting n — oo first and R — oo in (3.6), we have

E (/t:l f(s, Xs)ds

and complete the proof. O

9‘) < Uz s

Based on the method in [110, Lemma 5.5], when d/p + 2/q < 1, we can drop the
conditions p < p; and ¢ < ¢q;.

Lemma 3.6. Let T > 0, b € ]igll(T) for some p1,q1 > 1 with d/p; +2/q1 < 1. Assume
(A7) holds. For any p,q € (1,00] with d/p+2/q < 1, there is a constant C' > 0 such that
for any weak solution X; of SDE (3.3), any f € Ll(to,t1) and all 0 < tg <t < T, (3.4)
holds.

Proof. For any t; € (0,7], by Lemma 2.8, there is a unique solution u € ﬁg’p(tl) with
O € ig (1) to the following backward equation without drift:

8tu + aij(?i@ju - )\Ou = f, u(tl) =0.
Let u,, := u*I',, and set

fn = (9tun + aijai(?jun — )\oun.
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Based (3.8), we have
7}1320 1(fn — f)XRH]Lg = 0.

By It6’s formula, one sees that

t1INTR
EQmummV@—E%%Amwﬂ(/ <n+mmuxm@%0
t

0NTR

tINTR
+E</ GPVMX&&M#%O’
t

0ATR
which by taking (o, p’, q’") = (0, 00, 00) and (1, 00,00) in (2.18) implies that

tINTR
B ([ e X00s| 2, ) <00+ Dl lmiony
t

0N\TR

tINTR
+mmwm%mE(/ (s, X,)|ds
t

0NTR

5)

where the last step is from Lemma 3.5. By the same argument in the proof of Lemma
3.5, we obtain (3.4) for d/p+ 2/q < 1 and complete the proof. ]

lzzon

With the help of Lemma 3.6, we have the the following Zvonkin’s transformation.
Consider the following backward PDE:

Ou+ a;j0;0ju+b-Vu—Au+b=0, u(T)=0, (3.9)

where b € ]igll (T) with d/p; +2/q < 1 and (A?) holds. By reversing the time variable

and by Lemma 2.8, there is a unique solution u € ]ﬁlgipl (T') such that for any « € [0, 2),
P € [p1,00] and ¢ € [q1, 00| with

d 2 d 2
Bi=2—a—— 4> ———
p

— >0, 3.10
g P ¢ (310)

there are constants C' > 0 and Ay > 1 such that for any A > ),
8
Ml oy + Wbz, + el ry < CWPllgy oy (3.11)

which implies by Lemma 2.2 that for any R > 0 and |h| < 1,

IXr(2)(Vu(t,z) — Vu(s,z + h))| < (|t — s| + |z —y|)°, with some § >0.  (3.12)
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In particular, since d/p; +2/q; < 1, when («,p’,¢') = (1,00, 00), we can choose A > \g
large enough so that

N | —

Jullss + Vullug <

Moreover, by Lemma 2.2, Vu is Holder continuous on [0, T] x R%. Define
O(t,z) =z + u(t, ). (3.13)
Then, one sees that x — ®(¢, z) is a C''-diffeomorphism for any ¢ € [0, 7] and
IV®|lLee + [V Lo < 4. (3.14)

Lemma 3.7 (Zvonkin’s transformation). Assume (A?) holds and b € IEZ; (T') with d/p,+
2/q1 < 1. Let X; be a weak solution to SDE (3.3). Then, Y; := ®(t, X;) solves the
following SDE:

t t
Yt:@(O,x)+/ b(s,y;)ds+/ & (s, Y,)dW,, (3.15)
0 0

where
b(s,y) := (s, ®7(s,y)), &y = (0kPiowj) (s, 27" (s,9)).
Moreover, there is a v > 0, such that
b,VhbeL®, &e L®([0,T];C7) (3.16)
and for some kg > 1,
Ro '€ < 1o(s,9)E* < Rol€?, V(s 2,6) € Ry x R*. (3.17)
Vice versa, if (Y;)i=o solvs SDE (3.15), then X; := ®7(t,Y};) solves SDE (3.3).

Proof. Let ®, := ® x I, = 4+ u * I, be the mollifying approximation of ® in R**!. By
It6’s formula, one sees that

t
Pult, Xi) = @0 (0, ) + / (05 + 03300, + - VB, )(5, X, )ds
i (3.18)
+/ (Uljalq)n)(qus)dWsj
0

For any R > 0, we define a stopping time

Tr = 1inf{t > 0 | |Xy| > R}.
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Let xr be defined by (2.1). By It6’s isometric formula and (3.12), we have

2

| [ o000 06 X000 < ol [ X — . X005)

< (Vi = Va)l2e S0,

which converges to 0 as n — co. By (3.4), we also have

tATR ¢

E (/ b-V(®, — ¢)|(3,X5)ds) <E (/ Xr(X)|b - V(u, —u)|(s, Xs)ds)
0 0

S Ixrlb -V (un = W)lllzzs oy < Wollgzy o) IXRIV (un = @)l [lLge S 0°

goes to 0 as n — oo. Similarly, we have

tATR
lim E ( / (9, + a;0:0,)V (&, — D) (s, Xs)ds>
0

S lim fIxg[(9s + ai9:05) (un — w)lllgz o)
S Ixrl0s(un = w)lllgzy oy + xRV (w0 — W) gz oy = 0,
since (2.13). Taking n — oo for (3.24), by Lemma 2.2 one sees that on t € [0, 7g],

t t
q)(t, Xt) = (I)(O, 13) + / (85(1) + al-j&-@jq) +b- V@)(S, XS)dS + / (al-j(?l-q))(s, XS)dWS]
0 0

t t
= (I)(O,.T) + )\/ U(S,Xs)ds +/ (0'ZJ82(I>)<8,X5)dW8J
0 0

By letting R — oo, we have (3.15). (3.16) and (3.17) are from (3.11) and (3.14).
Now, we assume (Y;);e(o,7] is a solution to SDE (3.15) and show (X;)s=0 := (P71, Y2))eejo.ry
solves SDE (3.3). We note that

0P + a;;0;0;® +b- V& — Au =0, (3.19)
and
0=0,(®;,' 0 ®) = 0,0, 0 ® + (0,D;" 0 ©)0,Dy; (3.20)
Sk = 0;(P}, ' 0 @) = (0,P, " 0 @)D Py; (3.21)
0 = 0;0;(®;" 0 @) = 0;D,0;Py, (0, 0, @}, 0 @) + (0,®; " © )0;0; Py, (3.22)

where 0;; = 0 for ¢ # j and 0;; = 1. By (3.19), (3.20) and (3.22), one sees that
@y o @ + (@;;0,0;9,") 0 ® = 9, ;! 0 D + ;;0;Py, 0Py, (00, 0, Py, ' © D)
= — (00" 0 @) (0, Py + ;;0,0;P,)
— (D" 0 D) (b- VO, — Auy),
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where @;; := 6,40 5. It follows from (3.21) that
(0,21 " 0 ©)b;0,P, = by,
which implies that
P + ;00,0 +b- VO —hod T = 0. (3.23)
By the definition of ®, we have
=000 =0 4+yod ! je O l=0—uod L

Then, ® 1 := 01 %, =2 — (uo ® 1) x T, is well-defined. Moreover, in view of (3.22),
we have

1920 e oy < 1(VR) R 1V e [ V231 o, < 0.

We note b is bounded and & satisfies (A”) since (3.16) and (3.17). Thus, the Krlov
estimate (3.4) holds for (Y;)co,r- By the same calculation above, we have

t

t
(I)_l<t, YZ) =x+ / (@SCID_l + &Z-j@-(?j@_l + b- Vfb_l)(s, Y:g)dS + / (5Z-j8i<13_1)(3, Y;)dWSJ
0

0

t t
:x—i—/ b(s,XS)ds+/ (5,0, ) (s, (s, X,))dW?.
0 0

In light of (3.21) again, we have
(5'@]8@(1)];1) od = (‘%CI)iagjafbf od = Okj
and complete the proof. O
Now, we can give

Proof of Lemma 3.4. First of all, it is well known that SDE (3.15) admits a unique weak
solution (Y;):ejo,r] under the conditions (3.16) and (3.17). Hence, by Lemma 3.7 there
is a unique weak solution (X;)ico,r; = (27'(¢,Y}))tejor) to SDE (3.3). Moreover, since

be L%, by Lemma 3.5, for any f € Eg(to,tl) with p,q € (1,00] and d/p+2/q < 2, (3.4)
holds for Y;. Hence, by a change of variable and (3.14), we have
t1
7 ) =2 ([ ez,
to

t1
E ( [ 155 xas
to
S U 0 iz S Ml

and complete the proof.
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Applying the Krylov estimate in Lemma 3.4, we have the following two results.

Corollary 3.8 (Khasminskii’s estimate). Under the same conditions in Lemma 3.4, for

any f € ]ig(T),
E (exp [/OT |f(5,Xs)|dS}) < 0.

Proof. For any m € N, we note that

(/t:1 g(s)ds)m = ml /m 9(51)g(52) - - - g(sm)ds1 - - - s,

M {81,y 8m) ERT |t < 81 <82 < - < s <}

where

Then, by (3.4), we have

E7* (/ f(s, Xs) ) = m!E7 ( - fs1, Xs,) -+ f(Sm, X, )dsq - ~-dsm)

t
5 (Eysml / f(Sm,Xsm>d3m) ds; - - - dSm_1>
0
< K7 (/ fls1, Xsp) - (b = 10) I fllgp pydsy - - - dSm—l)
Am—1

<<l (Ot = 1) g

Hence, by taking § = (20|||fw]1jg(:r’))_7, we have

E7t (exp [/tt+§f(s,Xs)ds]> 2 'E"to </ f(s, X,) >
<) (12 =2

meN

which implies that for M := [T'/¢]

E <exp UOT f(s, Xs)dsD —F (exp UOM(; f(s,Xs)ds} E7Ms exp M; f(s,Xs)dsD
<2E (exp UOMgf(s,Xs)dsD <--eg2M

This completes the proof. n
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Corollary 3.9 (Generalized It6’s formula). Let T > 0, b € i{l’ll (T) for some d/p1+2/q1 <
1 and X; solve SDE (3.3). Assume (A°) holds. For any p,q € (1,00] with d/p+2/q < 1.

For any u € IF]IE”’(T) with Oy € ﬂg(T), we have
¢ ¢
u(t, Xy) = u(0,x) + / (Osu + a;;0;0;u + b - Vu)(s, X;)ds + / (0:;0:u) (s, X)W,
0 0

Proof. Let u, := u * p, be the mollifying approximation of v in R*!. By Ito’s formula,
one sees that

t
un(t, X¢) = u,(0,2) + / (Osty, + a;0;05un, + b - Vuy,) (s, Xs)ds (3.24)
0
t
+ / (015051 ) (5, Xs)dW? . (3.25)
0

For any R > 0, we define a stopping time

TR ‘— 1nf{t >0 | |Xt| > R}
By the same argument as the one in proof of Lemma 3.7, taking n — oo for (3.24), by
Lemma 2.2 one sees that on ¢ € [0, 7g],

t ¢
u(t, Xy) = u(0,x) + / (Osu + @;;0;05u + b - Vu)(s, X)ds + / (03505 ) (5, X )dW?
0 0

By letting R — oo, we have the desired formula and complete the proof. O
Remark 3.10. Here we drop the restriction p,q > 2 in [109, Lemma 4.1-(iii)].
It is the position to give

Proof of Theorem 3.3. Recall we have obtained the unique weak solution and (2.54) in
Lemma 3.4. Let u and ® defined by (3.9) and (3.13). By Yamada-Watanabe’s theorem
and Lemma 3.7, we only need to prove the pathwise uniqueness for SDE (3.15). For

i=1,2,let (Y;(Z))te[oﬂ be two solution to SDE (3.3) driven by the same Brownian motion
(Wi)¢=0 with the same staring point y, that is,

VO =y M vds+ [ o v,
0 0

where b and & are defined in Lemma 3.7. We set Z; := \Y;(l) — Yt(Z)\Q. By Ito’s formula,
we have

t
Z, = / Z,dA, + M, (3.26)
0



3.1. STRONG WELL-POSEDNESS OF SDES 59

where M, is a continuous local martingale given by
t *
M, = / (505, YD) = 35, Y| (v = v @)aw,
0

and A; is defined by

. /t 2<) 5(1) )8(2)7 5(87 18(1)> B(Sa )8(2)» ”5-(87 )5(1)) (S ) >HHSd
A=
0

‘Y;(l) . }/:9(2)’2
Based on (2.15), we have

| A StV |z +/ (MIVE (s, Y)) + MIVG 2 (s, Y) + ||5(s)||%,) ds
§1+/t M|V (s, YV) + M|Va|*(s,Y?)) ds
/ (MIV2a2(s, YO) + MVl (s, Y2)) ds,

0

where we have used |Va| < [Vo| + [V2ul.
On the other hand, it follows from (2.16) that

IM[Ve IQIIIIEz;;//;(T) + |||M|VQUI2IIIEZH§ SIVolEs i + IVullEs 7y < o0,
Hence, by Corollary 3.8, we have
E exp (ffAT) < o0, Vk>0,
which by (3.26) and stochastic Gronwall’s inequality Lemma A.5 that
E( sup Zt) = 0.
t€[0,T]
This completes the proof based on Lemma 3.7. O

3.1.2 Proof of the main theorem

In this section we will show Theorem 3.1. To this end, we first establish a priori Krylov es-
timates like (3.4) for any solution of SDEs with mixed drifts and for any index (¢, p) € .4,
where .# is defined in (2.29). Using this a priori estimates, one can perform the classical
Zvonkin transformation like Lemma 3.6, and then establish the weak well-posedness under
conditions (A%) and (2.49). Moreover, we also obtain the two-sided density estimates.
As a byproduct, one improves the Krylov estimate to any index (¢, p) € %, which is also
crucial for the strong well-posedness and the propagation of chaos.
By Theorem 2.17, we can establish the following a priori Krylov estimate.
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Lemma 3.11. Suppose that (A%) and (2.49) hold for some (¢;,p;) € H, i = 1,..,d.
Then for any (q,p) € H, ™ € Sq and T > 0, there is a constant C' = C(©,T) > 0 such
that for all f € LL(ILR) and any weak solution X of SDE (3.3),

T
B ([ 105, X0a5) < Ol (3.27)

Proof. By the same reason in the proof to Lemma 3.5, without loss of generality, we
assume f > 0 and p;,q # 00, i = 1,...,d. By reversing the time variable and by Theorem
2.17, there is a unique solution u to the following backward PDE

o+ tr(a- V) — = f, u(T)=0,
1 2
such that for any g € [0,2 — |5’ — 5)7

Lo _pg_|1j_2
(V)2 D e o) + 1VPullzg 22y S 1z cz)- (3.28)

We define u,, := u* I, and f, := dyu, + tr(a - V*u,) — Mu,. 7 is defined in (3.5). For
any m € N, we also define another stopping time here

t
=inf{t >0: / b(s, Xs)|ds = n} AT.
0
Based on Ito’s formula, one sees that

om/N\TR
Eu,(0m A Tr, Xopnrg) — Un(0,2) =E (/ (fa+ Auy + 0 Vuy,)(s, Xs)ds) )
0

Then, by the same argument in the proof of Lemma 3.5, taking n — oo and R — oo, we

have
E </ f(s,XS)ds) < 2+ N [ullLe + [[VullLeE </ |b(s,X5)\ds) ,
0 0

which by choosing # = 0,1 in (3.28) implies that

B ([ 166, x0as) < Cllgep {(av VAGH
(1 a)REHEDE (/gm |b(s,XS)yd3> 1

Taking (¢,p) = (¢;,p;) and f =0b;, i =1,2,..,d, we have

(3.29)

Im d 1 1
]E(/ |b(s,Xs)!dS> <Cry Y (vl a)
0 i=1
d

+Cr Y (1v a2 lalta g (/ |b(s,Xs)|ds> ,
0

=1
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where k; is defined in (2.49). Since (¢;, p;) € 41, i = 1,..,d, by taking X large enough so
1 1 2
that C'ky Zle(l V )\)5(|P7Hq7’1) - %,

d

E (/ |b(s,Xs)|ds> <20m, Y (1v ) lel ),
0

i=1
Subsitutiong it into (3.29) and letting m — oo, we complete the proof. O

In the above lemma, the requirement of (¢, p) € % is too strong for applications. We
need to improve it to (¢, p) € % like Lemma 3.4. Inspired by the proof of Lemma 3.4,
we use Theorem 2.19 and the above a priori Krylov estimate to construct the Zvonkin
transformation. For each i = 1,--- ,d, consider the following backward PDE:

Ou; + Ltr((o0™) - V) + b+ Vuy; — Au; +b; =0, w(T) = 0. (3.30)

By reversing the time variable and by Theorem 2.19, there is a unique solution u; satisfying

the following estimates: for any 8 € (0,9), where ¥ is defined in (2.50), there are Cy, Cy >

1 such that for all A > Co,%fw,

d
A2 [l e 1oy + JZZO: IVl grisy < Camn, (3.31)
and for all 0 <ty <ty < T,
i (1) — wilto)lloe < CV)[t1 — 1|72, (3.32)
where
Ui = Wig + Uiy + Wi + - -+ + Uig, (3.33)
and

¢io = Gis Pio = P;, Tio = T4, Qij = G, Dij = Pj, Tij = Tj, ] = L, d
Below we set
u=(uy, - ,uq).

By (3.31), for any 8 € (0,7), we can choose A large enough so that
[Vullge < [[ullLseerey < :.
Once A is chosen, it shall be fixed below without further notice. Now if we define

O(t,z) == x4+ ult,x),
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then for each ¢,
x — ®(t,x) is a C'-diffeomorphism,

and
VOl + Ve Iy < 2, (3.34)
and by (3.32), for all 0 <ty <t; < T,
12 (t1) = P(to)lloe < CA)(t1 — t0)"/2. (3.35)
We have the following result (see [110, Theorem 3.10]).

Lemma 3.12 (Zvonkin’s transformation). Under assumption (A%) and (2.49), Y; =
O(t, X;) solves the following SDE

t t
Yt:YO+/ b(s,Ys)der/ 5(s, Y,)dIV,, (3.36)
0 0

where Yy := ®(0, Xy) and
b(s.y) = Au(s, 7' (s,9)). (s,y) := (6"VP)(s5, 27! (5,9)).
Moreover, for any 8 € (0,9 A7), where 9 is defined by (2.50),
b, Vbe LY, 6 € L¥(CH), (3.37)

and for some kg > 1,

Ro > <o (s, y)nl* < Rolnl?, n e R™. (3.38)
Vice versa, if Y; solves SDE (3.36), then X; := ®~1(t,Y;) solves SDE (3.3).
Proof. Similar as the proof of Lemma 3.7. For each n € N, define

u"(t,x) = (u(-) * I'yn)(t,x), ®"(t,z) =2 +u"(t, ).

By It6’s formula, we have
t t
DL X,) = B"(0, Xg) + / Po"(s, X,)ds + / (VO (s, X)W, (3.39)
0 0

where

L =0, +tr(a-V)+b-V, a:=(00")/2.
For R > 0, we define the stopping time

T :=inf {t > 0:|X;| > R}.
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We note that by (3.30) and (3.31),
1Ol s 2y S Hvzuining(LfrZ) + (L [ Valluge )05 llges iy + il 2y < oo
For each i, j, since (gij, p;;) € #1, by the Krylov estimates (3.27) and (3.31), we have
tATm
E (/ ](@—aV%(@Z —VQq)Zj)’(S,XS)dS)
0
< ClloiE (V2 (g — Uij)ﬂBm||Lqu(L§i£) + 19 (ug; — Uz‘j)ﬂBm|’L‘ITw(L,’;yj‘_)) — 0,

2

tATm
E / 0"V (D" — B)|(s, X.)dIV,
0

< Cllol< (V@™ = u)se < Cn= "2 0,

provided by (3.32) and

tATm
IE/ b V(@2 — ,)|(s, X.)ds
0

< Olbllzs gz IV (0" = )z = 0.
Since Tr — 00 as R — oo, replacing ¢t by ¢ A 7 in (3.39), taking n — 0o and R — oo, we
have (3.36). Moreover, (3.37) and (3.38) directly follow by their definitions and (3.31).
On the other hand, if Y; solves SDE (3.36), then by similar calculations as the ones in the

proof of Lemma 3.7, X; := ®~1(¢,Y;) solves SDE (3.3). This completes the proof. O

Remark 3.13. An immediate consequence of Zvonkin’s transformation together with
(3.34) and (3.35) is that for any p > 1 and T > 0, there is a constant C' = C(p,T,0) > 0
such that

E|X, — X,[* < C|t — s, t,s€][0,T]. (3.40)

Now, we can give the Krylov estimate like Lemma 3.4. However, we cannot apply the
proof of Lemma 3.4 directly. Since by Example 2.3, ||f o ®||gz < || fllze may not hold for
the localized mixed LP-space. To overcome this obstacle, we use the heat kernel estimate
and show the following main result of this section.

Theorem 3.14. Suppose that (A%) and (2.49) hold. For any py € P(R?), there is a
unique weak solution to SDE (3.3) and initial distribution pg. Moreover, we have :

(i) For each t > 0, X; admits a density p;*(y) with the following two-sided estimate:
for any T > 0, there are 61,Cy > 1 such that for allt € (0,T] and y € R,

ct _ 5yla—yl? o) _la—yl?
_tdl/Z L@ T po(de) < pf(y) < a7 / e po(dz). (3.41)
R R
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(11) Let ¥ be defined as in (2.50). For any B € (0,9 A0) and T > 0, there are d3,Cy > 1
such that for all t € (0,T] and y,y' € R4,

X(y) — pX(y _la—yl? a2
I (y)_ /?ﬂ(yﬂ < O { / e B puo(d) + / T Ho(dx)}. (3.42)
ly =yl R R

(111) For any (¢,p) € H2 and T > 0, there is a constant Cy > 0 such that for any
feLlly),

T
B( [ 16 X005) < Cll iy (3.43)

Proof. By (3.37) and (3.38), it is well known that SDE (3.36) admits a unique weak
solution (cf. [97]). The existence and uniqueness of weak solutions for the original SDE
follow from Lemma 3.12. Next we shall prove (3.41), (3.42) and (3.43).

(i) Let . be the generator of SDE (3.36), i.e.,
& =t1((55%) - V) /2+b- V.

By (3.37), (3.38) and Theorems 1.1, 1.3 and 2.3 of [24], there is a fundamental solution

p(s, x,t,y) associated with .Z, which satisfies the following estimates: for all 0 < s <t <
T and z,y € RY,

C()_l _M < < Co _5|9”(—tli\:)
me - \p(3,$7t,y) NS me 0 ,

and for any 3 € (0,9 A0), and for all 0 < s <t < T and z,y,y’ € RY,

!
|o—y|? |z —y' |2

(s, 2, t,y) — p(s, 2, £, )| < Coly — ¢/ |°(t — )72 e %@ + o 0

where 8y, Cy > 1 only depend on © and the bounds of b and 6. In particular, p(0,z,t,y)
is just the density of the solution of SDE (3.3) starting from x at time zero. Note that
the density p) (y) of Y; starting from the initial distribution fig = g o ®(0,-)~" is given
by

i (y) = /de(ow,t,y)ﬁo(dx)-

This can be shown by considering a smooth approximation and taking weak limits (see
78, Section 5.1] for more details). We thus have that for any ¢t € (0, 7] and all y,3’ € R?,

Cil 7M~ CO _|zfy‘2~
_tdO/Q . e t MO(diL‘) < pf(y) < W /d e Yot Mo(dfﬂ)
R R
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and

Coly —/|° Cle=w® =y
07 (y) = ()] < T dhE /d e %ot 4e  %f | po(dr). (3.44)
R

On the other hand, by change of variables, we have

P (y) = p} (O(t,y)) det(VO(t,y)), (3.45)
and for some C’O >1
Cy! _ sple(0,2) - (L) Cit _12(0.0) ()2
T [ e ) <) <y [ e olda).
R4 Rd

which together with the following two estimates yields (3.41),

B(0,2) — B(t, ) > 0t 2) — B(L, )2 — [9(0,2) — D, )P B Lo —yf — Ot
bl ] = bl bl 9 9 = 8 9

2
and

- 9 B 9 B 9 (3.34)(3.35) e
20, 2) = (¢, y)I” < 2|2(t,2) — (4, y)[" + 2[®(0,2) = O(t, 2)]7 < 8z —y

(ii) By (3.45) and (3.44), we have

10 (y) — P ()] < |l (R(L,y)) — pi (B(t,y))| det(V ()
+pp (O(t,9))] det(VO(t, y)) — det(VO(t, 1))

ly — |’ e ey
S j@an e |© et fig(de)

1 _lz=2twl?
+ o [ e 0 pg(de)|[VO(ty) — VO(t,y)],
t / Rd

which in turn implies (3.42) by (3.31).
(iii) For nonnegative f € LL(LP) with (¢, p) € £, by (3.41) and (2.47), we get

(/ flo, Xo)d ) / [ (sl ()dyds
/ Rdf 5:Y) ( d/z/ e 2512'2#0(611’)) dyds

R 0

The proof is complete. O



CHAPTER 3. SDES WITH SINGULAR COEFFICIENTS 66

As a corollary, we have the following important exponential integrability of singular
functionals.

Corollary 3.15. (Khasminskii’s estimate) Let X be the unique solution of SDE (3.3) in
Theorem 3.14. For any T, A >0, (¢,p) € H and B € (0,2 — |%| - %), there is a constant

C1 > 0 depending only on T, \,d, B, ko, k1, @, P;, 4, P such that for all f € ﬂ%(]ﬂﬁ),

T CLIZ p
E exp {)\/ f(s,Xs)ds} <e bp () (3.46)
0

Moreover, if b is bounded measurable, then for some Cy = Co(T, N\, d, B, ko, q,p) > 0,
’ Ca (I6l2ee +I7 1240
Eexp{)\/ f(s,Xs)ds} <e ( i +"'f”‘LT<L«>). (3.47)
0

Proof. Let 8 € (0,2 — |%] — %) For (3.46), based on the proof of Corollary 3.8 (also see
[110, Lemma 3.5]), it suffices to show that for any 0 <ty < t; < T,

t1
B ([ X002, ) < Colts = 0 Ul gy (3.5)
to

Let % = %—1— 5. Since B € (0,2 — |%| - %), we have (¢/,p) € #. By (3.43) and Holder’s
inequality,

t1—to
B
E (/0 f(S,Xs)d3> < 00H|f|||]ggi_to(m) < Co(tr = t0) 2 I f gy z) -

By the Markov property of X;, we get (3.48). (3.47) follows by Girsanov’s theorem. [
Now, we can give

Proof of Theorem 3.1. By Yamada-Watanabe’s theorem, it suffices to show the pathwise
uniqueness. Based on the proof of Theorem 3.3, this follows by Zvonkin’s transformation
(see Lemma 3.12), Lemma 2.5 and (3.46). O
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3.2 Time regularity of solutions to SDEs with local-
ized L? drifts

In this section, letting 7" > 0, we assume that
B € L (T) for some py > d and o : RY — R? @ R? satisfy (A”). (3.49)

and consider the following SDE on a probability space (2, .Z#, (%)i=0, P):

t t
Xﬁt:x+/ B(r,Xf,r)dr—i—/ o(Xg,)dW,, (3.50)

where W, is a standard d-dimensional Brownian motion. Furthermore, consider the PDE
on [0,7T] x R?

Ou = a;j0;0ju — Au+ B -Vu+ f, u(0) =, (3.51)

d

> 0ok Under condition (3.49), by
k=1

Lemma 3.4 there is a unique weak solution X7 to (3.50) for any (s, z) € Ry x R% The

purpose of this section is to obtain some moment estimates for the following functionals

of Xg,

where A\ > 0, f € EPO(T), v € Cp° and a;; =

1
2

T T
/ f(57 Xg,wh(s))ds and / [f(87 Xg,s? :u:sc) - f(S, Xg,ﬂ'h(s)’ /‘Lfrh(s))} dS7
0 0

where yif is the distribution of X§, and f € LL(T) for some 2/q+d/p < 2. The first integral
is estimated by Krylov’s type estimates. Compared to the case of smooth coefficients in
[92], f in the second integral has no regularity. To overcome this obstacle, we use the
observation mentioned in the introduction to replace f(X§,) — f(Xg,, ) by P f —
ngwh(s) f, where PX is the transition semi-group of X. Hence, we only need to obtain
some time regularity results for the semigroup.

In Subsection 3.2.1, we consider the time-homogeneous case with B = 0. By Girsanov’s
theorem, we extend the results in Subsection 3.2.1 to X, in Subsection 3.2.2. Moreover,
we obtain additional time regularity estimates for PX by Duhamel’s formula which can
not be gotten from Girsanov’s theorem. In the light of Duhamel’s formula again, we also
have two time regularity estimates for Vu in Subsection 3.2.3, where wu is the solution to
(3.51).

For simplicity, throughout this section we set

== (da T7 Do, ”’B”‘Epo(T)a K1, 97 CO)-
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3.2.1 The zero-drift case

First of all, we recall the following generalized It formula from [109, Lemma 4.1-iii)] (see
also [67, Theorem 3.7] for the original one).

Lemma 3.16 (Gengralized Ito formul@. Let p,q € [2,00) with 2/q+ d/p < 1. For any
T >0 and any v € H2?(T) with dyu € LE(T), we have for any t € [s,T] and x € RY,

t
ult,X2) = u(s,a) + [ (@t addyut B Va)r, X (a)dr

t (3.52)
+ / Vu(r, Xs,(z))dW,.
In this subsection, we consider the following case where B = 0:
t
Zr =x —i—/ o(Z3)dWs. (3.53)
0

Define P7 f(x) := Ef(Z}). By Proposition 2.10, there is a unique solution to the following
second order parabolic PDE on [0, 7] x R%:

8tu = aij&;(?ju, Ug = P. (354)

Lemma 3.17. Assume (A°) holds. Let 0 < s < t, o € C°(RY), u and ZF be the solution
to (3.54) and (3.53) respectively. Then we have P-a.s.

E[o(Z0)Fs] = ult — s, Z7). (3.55)
In particular,
E[o(Z0)F) = PLop(Z5) P—as. (3.56)

Moreover, for any t >0 and f € C?,

Prf—f= [ Plagooinar (3.57)

Proof. For all t > 0, applying the generalized It6 formula (3.52) to s — u(t — s, Z%), we
have

¢
w(0,77) =u(t —s,2%) + / (—0wu(t —r, Z7) + a;;0;0;u(t —r, Z7)) dr

t
+/ Vu(t —r, Z7)dW,.
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Noting that u(t—s, Z%) is #s-measurable, and taking conditional expectation with respect
to .#, on both sides, we have

E[p(Z0)|. 7)) = ult — 5, 27) P—as.,
which for s = 0 implies that
P o(x) = Ep(Z)) = u(t, x).

Then (3.56) is straightforward from (3.55). For (3.57), since f € C?, we use the classical
It6 formula and have

F(Z8) = flo) + / 0000, 1 (Z7)dr + / V(Z5)dW,

Then, we have (3.57) by taking expectation and complete the proof. O

Based on Lemma 3.17 and the uniqueness of (3.54), we have the following Chapman-
Kolmogorov equations

P7P? = P?,,. (3.58)

Recall
ge(x) = (4mt) Y27 1el7/(40),

Then the following lemma is from [24, Theorem 2.3].

Lemma 3.18. Assume (A%) holds. Then there is a unique function p°(-,-) : Ry x R* —
R such that for any 7 =0,1,2

V207 (2, 9)] < ext ™ Egee( — ) (3.59)
and
B f@) = | F)pi(zy)dy (3.60)
for any f € C(R?), where ¢; and ¢y are positive constants depending on =.
For any h € (0, 1), recall that () := ¢t for t € [0,h) and
mn(t) :==kh, t€[kh,(k+1)h), k> 1.

Remark 3.19. The reason why we define m,(t) =t fort € [0, h) is that the function space
here is LP. If the initial data don’t have an L9 density, Ef(Zx, ) = Ef(Zo), f € LP, will
blow up for allt < h.

Now we give the following Krylov estimate and Khasminskii estimate.



CHAPTER 3. SDES WITH SINGULAR COEFFICIENTS 70

Lemma 3.20. Assume (A7) holds. For anyT >0,k =0,1,2, p € [1,00] and q € [p, <],
there is a constant C = C(Z,p, q) such that for all0 < s <t < T, z € R? and nonnegative
functions f € L

IV Py fll, < Ca/erraiCay g, (361)

and for 2/q+d/p <2, h > 0 and nonnegative functions f € IEZ(T)

t t
_1_d
E/ f(r, Zf)dr+]E/ f(r, 25, )dr < C(t =) 7772 || fllp o). (3.62)

Moreover, for any f € E{;(T) with d/p+2/q < 2,

T
sup Eexp </ f(t, Zf)dt) < 0. (3.63)
0

rER4

Proof. Without loss of generality we assume that ¢; = 1 in (3.59). Combining Lemma
3.18 and Young’s convolution inequality, one sees that

IVP2 Al S 1 [P0Vt Gl
St gex fllg S sup |1 —w /d fC=v)g(y)dyll
w R
< 4+—k/2 1
SUYTsup |1 _w<aioy Ly—si<1f (= 9)Lpy—a1<0:(y)dydzl,
w |Bl‘ R4 JRRA
St 2 sup || / / Lywiz<af (- = ) y—z<9:(y)dydz|
w Rd JRd
w JRd Rd

Stk / Sup [[ 1w zj<af (lp I L1900 [lrdz

1/r
s [ ( / |gt<y>r’"dy) azf1,.
Rd ly—2|<1

where 1 +1/g=1/r+1/p and B, : {x € R?: |z| < 1}. Next, one sees that

L) wora) asir [ ([ worw) e
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We note that

!Z\>27|y—z|<1=‘\y|>|Z|—|y—Z!>7,

which implies that g,(y) < g:(2/2), and ||g;||, < t=4/2+4/(2r) = ¢=d/2p)+d/(20) ' e have

/Rd (/yzKl(gt(y))Tdy) " dz 5 ||gt||r+/|z>2 (/lym(gt(z/Q))Tdy) " dz

< 4d/Cp)ra/(2) | / gi(2/2)dz < /@420 4

|z|>2
and obtain (3.61).

Now we show (3.62). Set p' := 2= and ¢ :=
p
s = 0. By (3.61), for any h > 0,

t t , i 1/‘1/
o / F(5, 22 ) )ds < / ( / ( / 92t ()7 ) 5) A F gy
0 Rd N Jo ly—z|<1

Then, we have

t ! v \ Y
S = (/ (/ |g7rh(s)<y>|p dy)q/p ds) dz
Re NJo o Sly—zl<1

t q
/ 1//
S / g0 I5ds) " + / . / graco(z/2)17ds) " dz
|z|>

S ([ (mulo) ) 4 /| (o167

0
< $1=1/a=d/(2p) +t,

—4-. Without loss of generality, we take

since dq'/(2p) < 1 and ps(2) < C|z|~ dexp( ) for all s < T. Similarly, we obtain

t
E/ F(s,25)ds S0 4t
0

Finally, noting that by (3.56)

]E[/:f(s,Zf)dr‘J / Flo. Zar|

(3.63) is direct from (3.62) (see [116, Corollary 3.5] for example) and we complete the
proof.
[l
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Remark 3.21. (i) We note that for any fized h > 0 and v € R?

Eexp / f(t, ﬂh(t )

is not true. For example, letting Z* = W,, when d > 2 and f(t,z) = |z|7/2 € L*(RY),
we have

2
E exp (/ f(t, W,,h(t))dt> = Eexp(h|Wh|_1/2)
h

h h2d
Rd R |=’E|

(i) The Krylov estimate (3.4) is obtained from backward PDE, but here (3.62) is from
the heat kernel estimates.

Moreover, we have the following results from the Schauder estimate Lemma A.6.

Lemma 3.22. Assume (A%) holds. Then, for any T > 0, there is a constant C' = C(E)
such that for any ¢ € C;° and t € (0,7,

- _ 246
17 ¢llezre < Ct72 |90 (3.64)

where 0 is the parameter in (A%) and for any a € (0,1) there is a constant C' = C(Z, «)
such that for any ¢ € C;° and t € (0,7,

_l-a
VP plloe < Ct772 ¢ co (3.65)

Proof. Letting u(t, z) := P/, by (3.55) we have
Ou = a;;0;0;u, uy = .
We set v(t) := u(t) — Py, where P,f = g, * f. Then, v satisfier the following PDE:
O = a;;0,0;0+ f, vy =0,
where
f(t) == =0, Pip + 0;;0,0; Pyp = —APip + 0;;0,0; Py
satisfying

_8
1f@)lles < (L4 Nallo) | PVeller S 721Vl
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because of 9, P, = AP, and (A.3.3). Then, based on Theorem A.6, we have
_e

[o(t)[[e2+0 S 12V loo,
which implies that

_e _e

1P ¢llezso S t72IVP0lloo + [[Pipllezre S 72 (V0] oo
Taking ¢ = P/, by (3.58) and (3.61) we have
IPgellczro S 2 V2P olloe S 7F [10lloos

which is (3.64).
For (3.64), we note that VP71 = 0 and have

VP o(z)| =

Vaat (e)pl) ()| < leller [ 19t el ol
R
Since (3.59), one sees that
_1 o _la
VP ()] S 72 llles /Rd |9eat (W) ly]*dy S 772 [[@llces

because of the scaling of g,(y) = t~%2g,(t~'/?y). This completes the proof.
[

Lemma 3.23. Assume (A%) holds. LetT >0, k=0,1, and 1 < p < g < 0o. Then there
is a constant C = C(=Z,p, q) such that for all0 < s <t < T,

IVH(Pre = Pro)l, < ([t = 9™ A1) s 5 5 i lgll,.  (3.66)

In particular,
o 6 -1
IV(Prp = PEo)lloo < C (10— ) F 575 A1) 57 ). (3.67)

Proof. Based on (3.58) and (3.57), one sees that
B Flo= (P - o= [ Pddrrow 369
0
By (3.61), we have
IV*(Pre = PIo)lly < /Ots r V2Pl ydr

t—s
< | r-%s*%*%umupdr
0

< [0 - 9] s B A,
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Moreover, noting that by (3.61)

IV*(P7 e — PIo)lly < |||Vth090|Hq +IVEP ol

T P

~Y

for s < t, we have (3.66).
For (3.67), we only need to show

IV — Prg)lloo < Clt—5) % 577 [ 0]lco-

Based on (3.68), by (3.65) and (3.64), we have
a e —1-0 2 po
IV(E ¢ = PIo)]lo S r 2 lalleo[[VEP llgodr
0

t—s -
< / 5 gl oodr
0

1+6

S(t—9)"7 s 7ol

and complete the proof.
]

When p = oo and ¢ = [, the following lemma has been proved in [28, Lemma 2.1]
for Brownian motion. For classical L” spaces, Lé and Ling obtained these results by the
stochastic sewing lemma in [73]. For the localized L? space, we provide a different proof
here, which is based on (3.66) and (3.61).

Lemma 3.24. Assume (A?) holds. Then for any T > 0 and p € (dV 2,00), there is
a constant C = C(Z,p) such that for any stopping time 7 < T, h € (0,1), z € R? and
felx(T),
T 2
B| [ (.20 = 100,25, < Chlog 11, (3.60)

Proof. Set Fy(r) :== f(r, Z7) — f(r, Z, ). We divide the proof into two steps. In Step
1, we prove that

t 2 d d
E‘ / Fh(r)dr‘ < C(hs 2 (t—s)' "2 + hlogh '(t — s)' )”|f|||1LP(T) (3.70)

and obtain (3.69) for 7 = T by Lemma A.1; In Step 2, we show (3.69) for any stopping
time 7 with 7 < T
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(Step 1) First, we note that by Holder’s inequality and (3.62),

E (/:h Fh(t)dt)2

Hence, without loss of generality, we may assume s > 2h. The symmetry implies

E‘/:Fh(r)drr:2/t /tE(Fh(m)Fh(m))erdn
9 (/ /Mh / /Mh) (Fy(r1) Fu(rs)) dradry =: 2.9, + 2.7,

By Holder’s inequality and (3.61), one sees that

B (Fu(r)Fu(r) < (BIE)R) " (B 1R )

-4 _da, -2 _d
S ™ () ) (ry ™ 4 m(ra) ) FII2,

2h
g%p/|nwﬁwswmw
0

1/2

which implies that
) 7’1+h d 4 d a4
¢%<Wm//’ r () ) (r 4 (re) ) dradr,

_d £ _d _d _d
W~ w7 5n [ 00 () $)ar S s - 5B

S

For .#,, we use conditional expectation and the Markov property (3.56). For simplicity,
let

E’[]:=E[|¥].
Then, noting that r1 < ry — h < 79, by the Markov property (3.56), we have

A= [ E(POORA(ZE) ~ (23,0 drad
ri1+h

// B (F(r) [P F(Z5) — P py-n (2)] s,
ri1+h

Setting G := P . f— PT? (ra)— - [ in view of Holder’s inequality and (3.61), one sees that

Iy < / /Mh (E\Fh(rl)P)l/Q<E|G(Zfl)|2>l/2dr2dr1

t t
1/2 _4d _d _d 1/2
SWERE [ [ 07+ mte) o BIGRI
s r1+

t t
_d
Il [ [ a0 P IG s,
S r1+
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We note that by (3.66),

1Gy = 1P5 . f = Py flp S (12 = ma(ra))(mn(ra) = r) T A1) Ul
S |(alrs =10 = )7 ALy,

By a change of variables we have
t t P
ASUR[ [ o-n [(h(m = )7) A drsdr,
ri1+h

t—h a
S IFI2 / / n)¢ () ™) A1 dradr
< h(t — s)l_|||f|]|2/ [( 2) LA 1} dry < hlogh™'(t — s) 7 | fII2,

and we obtain (3.70). Then, by Lemma A.1, we have (3.69) with 7 = T". In particular,
for any a,b € [0, 7], defining f, (¢, x) := Liciap f(t, ), by Step 2, one sees that

aw 5 ( [(0.7)- 1.2, >>dt)2:E( [ as0,26) ~ a7, )

a,bel0,T]

< Chlog h™* || fapll?

2 o < Chlogh™ | fllzry

(3.71)

(Step 2) Without loss of generality, we assume that h < 7'/2 and that 7 only takes
finite values aq, as, ..., a, € [0,T]. Otherwise, for any stopping time, we choose 7,,n € N,
which only take finite values to approximate 7 and (3.69) follows from (3.62) and the
dominated convergence theorem. First, we have

T (r42R)AT 2 T
/ Fy(t)dt / Fy(t)dt +2E‘ / Fy(t)dt
r T (T+2R)NT

We note that by Holder’s inequality and (3.62) for p/2 > d/2,

2
<2E

2
E

(T+2h)AT T T
E @l <E| [ 1 at [ Fu) Pt < R e < BIFI2
h B te[r,7+2h] h ~ Lr/2(T) ~ Lr(T)
T 0 0

Now we estimate the second term. In fact,

T 2 n
E / EFy(t dt> = E
< (T4+2R)NT h( ) zzl

T 2
([ )]
(ai+2h)/\T
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Noting that 1,—,, € F4, C F(ja;/n)+1)h, Without loss of generality, assuming a; +2h < T,

one sees that
T 2
- E<1T:aiE’%i ( / Fh(t)dt> ) = (1 _y, ),
a;+2h

T 2

1, < / Fh(t)dt)

a;+2h

where o7, = EFeiE7(ai/n) +1>h(f Fy,(t)dt)? =: E7= %,;. Moreover, by the Markov prop-

erty (3.56), we have

E

i+2h

T 2
% _E(/a (F 2 o ) — S, Zgh@)—([ai/hm)h))dt)

it+2h Y=L s m+
T—([ai/h]4+1)R
—5( | (0 + (] + DR 22)
a;+2h—([a;/h]+1)h
— J+ (/B Db 22, ))at)
Y= 0, i+ 1)h

< Rlog A 112, o,

by (3.71). Therefore, we have
T 9 ) n
Bl [ Auodt] S B, )+ Y Bl
T i=1
S MFIE, o) + Rlog RN, o7 ZEL —a, S hlog hHIfIIE,

Noting that [ = fOT - fTT, we have

/0 " F)dt

and complete the proof. O

2

E < hlog h || FlIE

Lr(T)

Corollary 3.25. Assume (H?) holds. For any T >0, p € (dV 2,00) and 6 > 0, there is
a constant C = C(Z, p) such that for any x € R and f € LP(T),

(Sup ’/ (5, 22) = f(s, Z2,))ds] ) < CHFI2, 0, (3.72)

t€[0,T]

Proof. Let

wim | [ 6.2 = s 2 s
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and nf := sup n,. First of all, it follows from Holder’s inequality and (3.62) that for any
s€[0,¢]

v € (1,p/(dV2)),

T
B SB[ (722 + (5. 25, 0) 0
ST Meeney S VI, (373)
For any A > 0, let
Ty = 1inf{t > 0, n, > A\}.
We note that 7,, = A, since 7 is a continuous process. Then,
AP(7 > A) < AP(1a < T) < E(nr, 1iryery) < Epryar.
In view of (3.69), we have

NE(r > A) < hlog h™ I, .

Set =, := hlog h_1|||f|||1%p(T). Then, for any ¢ € (0,1), by a change of variables,

E(n) " = (1-6) /0 A OB(g > A)dA
5/ AT(IA(EpAh))dA
0

<z / AL AN AN < (hlogh™ )9 fH]%S(;;). (3.74)
0

Combining (3.73) and (3.74), in view of Holder’s inequality, for any ¢ > 0 small enough,
we have

En}i ) [(n;)l—é—\/g(n;)5+\/3:|
1—15—\/3 %

< [E(n;)ka] =5 [E(n;)(ﬁ+l)(1—5)]

~Y

ST log k) VYRR,

and complete the proof.
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3.2.2 Time discretization for SDEs with localized L? drift

Now, let us extend estimate (3.72) from Z7 _ to the solution X7, of SDE (3.50) both in
the sense of paths and distributions (see (3.79) and (3.91) below) Recall that

t t
Xi = :L‘+/ B(r, Xﬁr)dr+/ U(er)dWT. (3.75)
Let pg, denote the distribution of X{,. For simplicity, we also set

Xy =X, and i = pgy.

The following estimates follow from Girsanov’s transform and estimates for ZF (see [109,
Lemma 4.1] for (ii) and (iii)).

Lemma 3.26. Assume (3.49) with py > d V 2.
(i) For any T > 0 and p € (1,00), there is a constant C = C(Z,p) such that for any
r€RY 0< s <t<T and nonnegative f € LP,

Ef(X7) < Ct/@) £]l,. (3.76)

(ii)For any T > 0 and 2/q+d/p < 2, there is a constant C' = C(Z,p, q) such that for any
reRY 0< s <t<T and nonnegative f € ]L’q’(T),

_1_4d
B [ X +E [ 50, X5 00 < O - ) Bl (37D

(iii)For any T >0, d/p+2/q <2 and f € IE%;(T),
T
sup Eexp (/ f(t,Xf)dt) < 0. (3.78)
zeRd 0

(w)For any T > 0, 6 > 0 and p > dV 2, there is a constant C' = C(Z,p) such that for
any x € RY, h € (0,1) and f € LP(T),

(Sup | / (3, X2) = [ (5, X2, ))ds ) < CHYFIZ, o (3.79)

te[0,T

—~

Proof. Let Z% be a solution on a probability space (ﬁ, F, (%)tgg, @) to the following SDE

t —_—
Zr :x+/ o(Z7)dW,,
0
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where W, is a standard d-dimensional Brownian motion. Since po>2Vd, B* € Lro/ 2(T).
By (3.63), one sees that for any v > 0

Supf[i;@ exp <7 /T lo™ ' B(t, Zf)th) < 00.
x 0
Hence, by Novikov’s criterion,
T _ . qyT _
T = exp (— /0 o~ Bt Z)W, — /0 o' B(t, Zf)\th>
is integrable and for any ¢ > 0
Ep|Zr|” < C(E,q). (3.80)
Define dQ := ZrdP. Then, by Girsanov’s theorem,
W, = Wt — /t o 'B(s, Zf)ds is a Q-martingale.
0
In other words,
77 =1+ /tB(s, Z)ds + /ta(Z)dWS, Q —ae.
0 0
Therefore, by the uniqueness of (3.75), we have

Qo (Z5) ' =Po (X" (3.81)

Now, we show (i)-(iv) one by one.
(i): In view of (3.81), one sees that

Ef(X7) = Bof(Z}) = By | 22(Z)|.
By Holder’s inequality, (3.80) and (3.61), we have for any r € (1,p) and 1/r' +1/r =1,
1/r

~ AL~ =i 1/r —dr ., _
Ef(X7) < (Bslzal™) " (Bplf(Z0I) " S (/OIS )" S 4O U

which is (3.76).
(ii): Similarly to (i), by Holder’s inequality and (3.62), we have

E/:f(u’Xg)du S (Eﬁ‘zﬂw)w (ﬁ@ [/Stf(u, Zﬁ)du} )
. (Eﬁ’ <(t - / It medu))” T

1/r
S (0= s (g ) S (0 )

1/r
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The term Ef; f(u, X7, (,))du can be estimated the same way.
(iii): For (3.78), it again follows from Holder’s inequality that

T _ T _
E exp (/0 f(t,Xf)dt) = Es {ZT exp (/0 f(t, Zf)dt)}
B L/ T N 1/r
< (Eﬁ|ZT|’",)1/T (E@exp (7‘/ f(t, Zf)dt)) < 00
0

by (3.80) and (3.63).

(iv): Let
AT(h, X) = sup ‘/ (s, X5) — f(s, X7, s ))du‘
t€(0,7)
and
Al(h, Z) .= sup ’/ (s, Z%) — f(s, Zx ))du :
t€[0,T)

For any ¢ € (0, 1), we note that
EA! (b, X) = Es(ZrAY (h, Z))
= Bz (Zr|Af (h, Z)°| AT (h, Z)|179).

Based on Holder’s inequality, (3.80), (3.77) and (3.72), for 1/r" + 1/r = 1 with some
r € (1,p/2), we have

BAY (. X) < [Ba((2rl 40, 2)))' [Bra 0. )]

< (Bp|Zo|" )" (Bs| AT (b, Z2)")°" (B! (, Z))°

) 2(1— 6
Y [ A Rl Tl =

5 hl % “|f|H]LP(T)’

where 09 = 0p(d) — 0 as 6 — 0, and complete the proof.
[l

Next, we want to prove an estimate for sup, || % — 4§ ||par. To this end, we will use the
relation between the PDE and the SDE. For any T > 0, consider the following backward
PDE:

o’ + B - Vu' + a;0,0u" =0, u'(T) = ¢, (3.82)
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where ¢ € Cg°. By Proposition 2.10, there exists a unique solution u” to (3.82) in the
sense of Definition 2.6. Set

PYf(z) :=Ef(XZ,), B :=PF

By (3.76), the domain of P includes LP for any p € (1,00]. Then we have the following
probabilistic representation.

Proposition 3.27. Let T > 0, ¢ € C;°(R?), u” and X%, be the solutions to (3.82) and
(3.75) respectively. Then,

u'(s,7) = Ep(X{r) = Porep(x). (3.83)
Proof. Tt is straightforward to obtain (3.83) by applying the generalized It6 formula (3.52)
to the function ¢ — u” (¢, X?,) and taking expectation. O

Apart from the probabilistic representation, by the generalized Ito6 formula, we have
the following Duhamel formula.

Lemma 3.28 (Duhamel formula). For any ¢ € C°(R?),

t
Ps);ap(:v) = P? p(x) +/ P;ﬁn (B(r) . fo_rcp) (x)dr. (3.84)
Proof. For any t € [0,T], let v = v'(¢, ) be the solution to the following backward PDE:
Ot + a;;0;0,0" =0, v'(t) = .

Based on (3.83), one sees that v'(r) = P ¢. By the generalized It formula (3.52), we
have

t
Ev'(t, X7,) = v'(s,2) + E / (00 + 0Dy’ + B- Vo) (r, X7, )dr,
which implies that
t
Piele) = L+ E [ (B)- VP )(XE,)dr

t
S / PX(B(r) - VP ) (x)dr,

and we complete the proof. O]

Now we can prove the estimate for ||uf — p||lvar- We note that similar results have
been proved in [117, Lemma 3.8 (1)(ii)] based on heat kernel estimates. It should be
mentioned that the order of time regularity in [117] depends on the Holder index (5 of o
and thus this is not applicable to our case.
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Lemma 3.29. Assume (3.49). For any T > 0 and q € [py, 0], there is a constant
C = C(Z,q) such that for any 0 < s <t < T and ¢ € Cy°,

IPX e = PXglle < C|l(t = s)2 s 2 0] A1) 573 gl (3.85)
In particular, when q = oo,
I = zlhoar < €[ = )22 A1), (3.86)
Proof. For simplicity, let
U
=57y
From (3.84), one sees that
Bro—PXo=(P7o— Pl / ) - VP p)dr
+/ [()V<tr_PU)}dr
=9+ I+ .

Based on (3.66), we have
s
Al S [(6 = )57 A 1] S el
S
S |t =s)7s7] s H el
By (3.76) and (3.61), we have

t
Il 5 [ 77 ONB() - VPl

~Y

t
S [ vy s

s

~Y

t
< 8d/(2q)/ 7/ @po)+d/20) (4 _ ) =124/ Qa) gl o,
=5 VDK (t, s)lell,,

where

o a ! . i_a Y a4
K(t,s) < |s 2o 2@/(1&—7")0‘ dr ) A (t—s)2 2100/ T 20 2fl(l—?‘)
s 0

S(sT(t—s)) A1

l\)\»—t

d
2qd7“)
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since q = pg > d.
It remains to estimate .#5. By (3.76), we have

A / O B(r) -V (P2, — P ) pllpdr
0

S [V (e, — P el (3.87)
0
When ¢ < oo, it follows (3.66) that
Al 5 [ e[ - s)b(s — ) H AL (s - ) A, (389
0
We note
7= / i m) [t = )3 (s =) 8 A1 (s = ) V220
0
< / /@) (5 _ ) =1/2-0/(20) gy < g1/2-d/ o)/ a) < -/ (2a), (3.89)
0

since po > d. In addition, when r € (0, §], one sees that

[(t=8)i(s =)

[SIES
[NIES

I I G AR (R L ¢

Hence,

D=

s/2
7 §81/2d/(2q)/ r—4/(2po) [[(t —5)2(s — r)*%] A 1} dr

0

4 g~/(2p0) / [[(t _ S)%(S _ r)_%} A 1} (s — 7a)—l/z—d/(2q)d7ﬂ
s/2

s/2
5571@ . 5)1/2d/(2q)/ 74/ (2po) 4
0

+ 5~/ (@p0) / ([t = 5)(s = ) 3] A1 (s = ) 1290y,
s/2

By two changes of variables, we have
s/2
7 §s_d/(2p°)(t _ 8)1/2_d/(QQ) + S—d/(2po)/ [(t — S)%T—% A 1] r1/2=d/(24) 4,
0

<$—d/(2po)(t _ 8)1/2—d/(2q)
+ 57 @) (p — g)171/27d/(20) /oo [r—% A 1] P 1/2-d/(29) 4
0
<S*d/(2p0)(t _ S>171/27d/(2q) < s’%(t _ 5)5‘%

(3.90)

Y
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since ¢ < oo and pg > d, which combined with (3.89) implies that

d

st —8)*) As 30 = ([(t—s5)s ] Al)s %,
I 5 (s = 9)”) (it = 57571 n1)
When ¢ = oo, by (3.87) and (3.67), we have

[l S [ 70 [ = ' (5 = 1)) 1] (5 = 1) el

0

By the same calculation as (3.89) and (3.90), we have

< (s72(t—s rm 2 AL V2RO AT S (572 (E— 5)E) AL

L ) S (s72(t—9)
0

Thus, we obtain (3.85). In particular, by Lusin’s theorem and (3.85), we have

Hluac o quH = sup |PtX<P(m) — PSX(,O(:L')l
co peCs lplloo

Moreover, it is easy to see that

N[

S(t— s)%sfé.

1y = w5 lvar < 2,
which completes the proof. O

The following lemma is the distribution dependent version of (3.79).

Lemma 3.30. For any T > 0, p € (dV 2,00), assume that f : R, x R? x P(RY) — R
such that

g i sup sup (1700l + LSO =AYy o

te(0,T] wv 1= vvar

Then, for any § > 0, there is a constant C = C(Z,p,d) such that for any x € R? and
h € (0, 1)

sup )/ (8, X&) — [ (5, X7, ()5 Hiny(s)))d ) < O(lif)2h1_6. (3.91)

t€[0,T]

Proof. For simplicity, we drop the superscript x from X* and p®. First of all, we note
that
)

sup ’/ 5 Xsa,us _f(S erh(s) /‘1’7Th ))dS

te[OT]
sup (/ (5 Xor ) = F5, Xy )3 )
tGOT]
Sup ’/ S Xﬂ'h Ns) f(S Xﬂ'h(s) H’ﬂ'h ))ds‘ )
te[0,T]

::flh + f;’.
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By (3.79), for any § > 0, we have

I SH0 sup [ f (- )l S R0 (k)2
te[0,7

For .7}', we use the same method as in Step 2 of the proof of Lemma 3.24. For any
0<s<t<T, set

t+h
gL 3:/ . | f(r, X o) itr) — (7, Xy (o) by () |7
s+

1/2

and || - || := (E[-|?) "". Then

T+h 2
jgh < E‘ /h |f(87X7rh(s)7/JJs) - f(saXﬁh(s)vﬂwh(s)”dS‘ = Hjo},LTH27

since mp(r) = r, if r < h. Based on Hoélder’s inequality and (3.77), one sees that if
2/q+d/p <1, then

t+h 2

dr

E’/&Z’Q S (t - S)E/ ’f(ﬁ Xﬂ'h('l’)7 ,ur) - f(ra th(r)a ,urrh(r))

s+h
t+h

=) ([ 10 = 1ol
sopra-a([

2/q
l1te = i)
s+h

Then, by (3.86) and the fact that ¢ > 2, for any 6 > 0 we have

t+h
o8I S st =9

s+h

¢
S ket — 3)1/2h1/2_5</ T_Q/QdT>

s

1/
h(%—5)q(ﬂh(r))—q/2dr> !

1/ < i RY2S (8 — 5) /2 g2,
Taking t,, := 27T, we have

L2l <D TNl S sph 270 (b — b)) 2t y) Y2
n=0 n=0

< l{fhl/Q—éTl/qZQ—"TH < th1/2—6’

n=0

which implies .7 < (x7)?h!=% and we complete the proof.
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3.2.3 Time regularity for solutions to parabolic PDEs

In this section, we establish the time regularity for the solution of PDE (3.51). First, we
give the following probabilistic representation of the solution to PDE if B = 0.

Lemma 3.31. Let B =0 and u be a solution to PDE (3.51). Then,
¢
u(t) = / e NI P f(s)ds + e MP . (3.92)
0
Proof. Applying the generalized It6 formula (3.52) to

s — e Mu(t — s, Z7),

we get
t
e Mu(0, ZF) — u(t, x) :/ e (=0gu + ai;0;0;u — Au)(t — s, Z%)ds
0
¢
+ / e MVu(t — s, Z7)dW,.
0

Taking expectation of both sides, we obtain that

t
e MPTp —u(t) = —/ e M P f(t — s)ds,
0

which is (3.92) by a change of variable and this completes the proof. O
Using the above lemma, we have the following time Holder regularity of Vu.

Lemma 3.32. Assume ¢ = 0. Under condition (3.49) with some py € (d,00), for any
A =0, there is a constant C' = C(Z, p, A) such that for allt,s € [0,T] and f € LP(T) the
solution u to (3.51) in the sense of Definition 2.6 satisfies

1__d
IVu(t) = Vu(s)|leo < Clt = 5720 || fllgo (- (3.93)

Remark 3.33. By Remark 2.9 and (3.93), we further have that there is a version of the
solution such that u € C([0,T]; C*).

Proof. First, since B, f € Lpo (T) C igo (T'), ¥q, we indeed have a unique solution u. Set
g(s) := B -Vu(s) + f(s).
In view of (2.20),

lglzeo )y < Wollgro oy IV ullize + W fllgeo ) S I lgeo (1)



CHAPTER 3. SDES WITH SINGULAR COEFFICIENTS 88

Then, for any 0 < s <t < T, by (3.92), one sees that

t
IVu(t) = Va(s) o = \ [ v ginar

o0

+ / (e M=) — e AT\ PE g(r)dr

0 oo
+ / e A (VP — VP, )g(r)dr

0 00
= fl + jQ + j3.

By (3.61), one sees that

t

A | (=) g () dr

<

~

t
[ =gy, o,
’ 1_ _d
S 1t = 81755 | Fllggqy.

For .#;, noting that |e™® — e7Y| < |x — y| for any z,y > 0, it follows from (3.61) that

A le=s| [ (6= (o)
0
S it = sllllomry S It = sl gy

For .73, by (3.66) with ¢ = 0o, we have

Iy S /0 ([(t = )2 (s — r)"2] A L)(s = 1) /20 gl o

By a change of variable, we have

Sy S |t —s|* e / (I(s =) 2] A L)(s = )72 P dr | flln
0
S [t — sV fllgs i)

and complete the proof.
O

Moreover, we also have an estimate of time regularity for the solution to the following
Cauchy problem.
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Lemma 3.34. Assume (3.49). Let ¢ € C° and let u be the unique solution to the
following Cauchy problem on [0,T] in the sense of Definition 2.6

6tu = aijc‘?i(‘?ju + B - Vu, Ug = @. (394)
Then there is a constant C' = C(Z) such that for all0 < s <t < T,
1_d g4 d
IVu(t) = Vu(s)]lee <Ot —5)> 205720 [|p]| oo (3.95)
Proof. First, by (3.92), we have
t
u(t) = / P (B-Vu)(s)ds + P7o, (3.96)
0
which implies that
¢ _1_d _1
IVu®)le S / (t—s) 2 #0||B - Vu(s)[lpds + 2 [lflo
0
t _1__d 1
S [ (6= Vuls) s + el
0
because of (3.61). Hence, by Gronwall’s inequality, we have

IVu@)llee S 172 [l2lloe- (3.97)

By (3.96), (3.61) and (3.66), one sees that

IVu(t) = Vu(s) o < [ IV PE (B V) (r) ot + / V(B — P2)B - Vu(r) |adr
V(P = Pl
< [ = e
+/O (=93 =n) ] A1 = )72 50 | Tu(r) dr
+{{e— s Atk el
=9 + S + Ss.

Then, noting that A1 < z? for all z > 0 and 6 € [0, 1], we have

1 1

A {[t- s A1) s ol £ @ - 9P s g
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Based on (3.97) and a change of variable,

t 14 [
2 < ol / (t— ) 5o bdr < (1 — )P s g
S
S (t—8)2 T0s ||

since py > d. For %, again by (3.97), we divide [0, s] into [0, s/2) and [s/2, s| and have
s/2 s L L L
S ,S(/ +/ ){[(t—s)i(s—r)’i} Al}(s—r)_f_%r’ﬁdr
lellee ™ o 5/2
1 d 5/2 1
g(t—s)f’zpos_l/ r-adr
0

T /S { [(t —s5)2(s— T)’%} A 1}(5 - r)_%_%dr

s/2

N

1 d 1

S(t—s)2 os 2 4 57 / { [(t - s)%r’%} A 1}r_5_%dr,
0
where we used the fact that

[((t — S)%(S — T)_%> A 1] (s — 7")7%721’0

S(t—s)? (s —r) L <2t —8)7 Bos~l Wre0,s/2).

From a change of variable, we have

1 d 1 o0

1_d 1 1 1—1__d
A e e O T

0

1 _1__d
(r A L) Badr | ol
S (t—8) 2 30575 |plloe S (E—5)27 Fu s I ||

since py € (d, 00) and complete the proof.



Chapter 4

Well-posedness of McKean-Vlasov
SDEs with mixed LP coefficients

In this chapter, we consider the following dDDSDE:
dXt = b(t, Xt, pt(Xt)7 /LXt)dt + O'(t, Xt)th, (41)

where p;(z) is the density of X; and b(t,xz,r, u) : Ry x R x Ry x P(RY) — R? is a
measurable function.
Here is the main result in this chapter

Theorem 4.1. (Weak well-posedness) Suppose that (A%) holds and for any T > 0
andi=1,--- ,d, there are indices (¢;, p;) € F° and 7; € Sy such that

sup | sup |6, -, 7, sl iy < B, (4.2)
peC([0,T);P(R4)) r=0 i

and for some h; € LE(L2) and for all t,z € [0,T] x RY, v,/ > 0 and p,v € P(RY),
0°(t, 2, r, ) — O (t, 2, )| < Bt ) (|r — '] + (| — vlvar) - (4.3)

Then for any probability measure po(dz) = po(x)dx with py € L, there is a unique weak
solution (X, W, L), or equivalently, a martingale solution to dDDSDE (4.1) with initial
distribution pi.

As a consequence, we have the following strong well-posedness.

Theorem 4.2. (Strong well-posedness) In addition to the assumptions in Theorem
4.1, we also assume (H%; ) holds. Then there is a unique strong solution.

Proof. 1t is directly from Theorems 4.1 and 3.1. [

The proof of Theorem 4.1 is presented in the following. Section 4.1 establishes stability
(1.31), which is a crucial prerequisite for the subsequent analysis. The Picard iteration is
then utilized in Section 4.2 to demonstrate Theorem 4.1.

91
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4.1 On the stability of densities of solutions to SDEs
with respect to drifts

In this section we prepare a stability result about the density of classical SDEs. Our
starting point is the associated Fokker-Planck equation. Fix z € R%. Let

A= / A(r,z)dr  with  A(r, 2z) = (ai;(r, 2)) = ((607)4(r, 2)) /2.

Let P, f(z) be the Gaussian heat kernel associated with A7, i.e.,

Piufa) = [ (o= ) )

where for a symmetric positive definite matrix A,

e—(A’lx,x)/4

(4m)d det(A)

Lemma 4.3. Let 3 € [0,1], k € Ny, p € [1,00]¢ and w € Sg. Under (A°), for any
T > 0, there is a constant C' = C(T,d, B, k,p, ko) > 0 such that for all0 < s <t < T
and 0 < f € P,

hA(x) =

V(- I )(0)] < Ot = )2 D] |y
Proof. First of all, by definition and (A7), it is easy to see that for some A > 0,

k+d |z

[VFhaz (@) S (t—s)" 2 e X9 = (t—s)”

k
2

(270)% greo) (),

and for some \ > A,
EEE (- PO S (- s) / Oy W) F )y
St=98 [ o r i

Let p’ € (1,00)¢ be defined by —|— = 1. Fix r > 0. By Holder’s inequality we have

/ g\ (t—s) (y)f(y)dy = _r/ / 9N (t—s) (Z/)]lB; (y)f<y)dydz
Rd |B ’ ]Rd
/ 1262 gx o)l L2 flluz

IBT
7 ( /R , IIILB;gN(mIILg,dz) Iflze- (4.4)
0
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Below, without loss of generality, we suppose s = 0. By a change of variables, we have

d \
S t_g H / (/ Pz 'H'L d )
. R |yi—2i‘<7‘
For each i, we have

1
pl\yZ I P A
Ji = / </ At dyl> dz; +/ (/ IR dyz) dz;
|z:|<2r |yi—zi|<r |zi|>27 |yi—zi|<r
1 1
Pilyil? ] Ph(lzi-m)? A
/ (/ e At dyi) dzi—l—/ e X (/ dyi> dz;
|2:|<2r R |zi|>2r lyi—z;|<r

1
ly: |2 o 2 L
5 (/ e_pl‘/\ygl dyz) E —|—/e_ 2|)\f‘ dz; <t2p _|_t2 <t t%(l_i)
R R

d

dz; =: ¢t~ gHJZ

I=

-

N

Hence,
d
d l
15r e Stos TTe207) = ¢ lsl2,
[ gl e <4
=1
Combining the above estimates, we obtain the desired estimate. O]

The following stability result shall be used below to show the existence and uniqueness.

Lemma 4.4. Let by, by be two Borel measurable functions satisfying (2.49) and for k =
0,1, pe(dz) := pp(x)de with py € L. Let P, € MG be the unique martingale solution
and pi(t, x) be the density of the coordinated process wy under Py. Then for any T > 0,
there is a constant C' = C(T,©) > 0 such that for all t € [0,T],

d t 1 1 . .
loo(t) = pr(®) L Se l1p§ =l + > / (t = )72 (s) — b (s) e ds. (4.5)
i=1 70

Proof. First of all, by the heat kernel estimate (3.41), we have for all ¢, y,

C _le—y]?
) < 3 [ dila)de S Il k= 0,1 (46)
Note that pj solves the following Fokker-Planck equation in the distributional sense:

(9t,0k = 8¢8j(aijpk) + d1V<bk)0k)7 k= O, 1,
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where a = 00*/2 and we use the Einstein convention for summation. Below we use the
freezing technique to show our result. Fix z € R%. For a function f, we set

.f(x) = f(x+2), lt,x):=po(t,z)— p1(t,x).
By the invariance of shifting the spatial variable x, we have

8tTZ€ = 8i8j(TZCLijTZ6) + diV(szong) -+ diV(Tz<b0 — bl)sz1>
= Clij(t, Z)azaszg + &-Gj((rzaij — aij (t, Z))’ng)
+ div(1,007.0) 4+ div(7.(bg — b1)T.p1).

By Duhamel’s formula we have

¢
Tt x) = P5,m.L(0, 1) + / PZ(0:0;((T2ai5 — ay(s, 2))7:4)) (s, x)ds
0

¢ ¢
+ [ Privtrro(sa)ds + [ Pdiv(r(o - b)) (s, a)ds
0 0
By (A?) and Lemma 4.3 we have

t
IT.L(t,0)| S |F5;7-£(0,0)] +/ (t — 3)770_1||TZ€HLoods
0
= —L0+HE Dy g
+) /0 (t = 5) 2D bl ds
=1

d t L

Ll L
§ :/O(t_s) 3 (1+5-D)
=1

[7. (b — b)) le: ds.

Noting that

I7-bom-lllgn: < lI7-bollzz: 17l < f1[l€]lLs,
and by (4.6),
7 (b6 — b)) m=pillge: < N7 — by)llgz: [17=pa [l
L P By P

we further have

t
1€(t) [l = sup [72€(2,0)] < [[€(0) [l + / (t—5) 21 [e(s)|[ue-ds
d t 1 1
> / (t — )" 22D (s) Lo ds
=1

d t )
=L ) e i
£ 30 [ = O by s
=1
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By Lemma A.4, we obtain the desired estimate. O]

4.2 Proof of the well-posedness

Now we are ready to prove the main result of this section.

Proof of Theorem 4.1. We divide the proof into three steps.
(Step 1). Let py = po for any ¢ > 0. We consider the following Picard iteration: for
n €N,

AXT = by(t, XM)dt + o(t, XMW, X202 p, (4.7)

where
ba(t, ) == b(t,x, pp " (x), "),

and
p?~ ! is the marginal distribution of X!, which has a density pf' . (4.8)

By (4.2), one sees that for each i =1,--- ,d,
sup 1by lza: gz ) < rin- (4.9)

Thus, by Theorem 3.14, for each n € N, there is a unique weak solution (X™, W™ ") to
SDE (4.7), where
un = (Qn7gn7Pn7 (ytn)t>0)7

and for each t > 0, X} admits a density p} satisfying the following estimate: for all
(t,y) € [0, 7] x R,

2
|

n Cl _‘I*y
pr(y) < 5 | e 0t po(x)dzr < [ polleo- (4.10)
t / Rd

Moreover, for any T' > 0, by (3.40), there is a constant C' > 0 such that

supEp, | X' — X'|* < C|t — s|*, s,t€[0,T],

and by (3.43), for any (qo,p,) € -#2, there is a constant C' > 0 such that for all f €
LT (L),

T
supBe, ([ 5, X2)d5) < Clligen, (411)
n 0
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In particular, by Kolmogorov’s criterion,
the laws P,, of X™ in Cr are tight. (4.12)

(Step 2). For simplicity of notations, we write

Lo (t) == [lpf = e + 1ot = o -
Noting that by (4.3) and (4.8),

10, (5, 2) — b, (s, 2)| < ha(s, ) (|0 (@) — oM (@) + et — 12 lvan)
< hi(s, )1 m1(s),

we have

167,(5) = bl ($)llgz < lRi(s)lgm: Tomtm-1(s) =2 Li($)Tn1.m-1(5)- (4.13)
Since (%, %) € %, by Lemma 3.26 and (4.11), (4.13), we have

1) < 5B, ([ 1o ()0l = (s, ) s

—1
< +—= HU H (/ by (5, w5) — m(s,ws)|2ds>

2

< Z ( / It (s) — B, (s)] qu{%ds)i

Z(/ (9~ bl )

By Pinsker’s inequality (2.58), we get
d t i
PF = o7l = g = i e S (/0 G ()1 m 1(5)018) : (4.14)
i=1
On the other hand, by (4.5), (4.13) and Holder’s inequality, for ¢, = p

S

1

Ik =il £ 3 / 30HZD 1, () s (5)dls
0

< ( / <t—s>‘2“+'é’ds) ( [ e, 1<s>ds)
i=1 0 0

1

5 (/ ng FZZ 1,m— 1(5)d5) Z;

IsH

ISH
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which together with (4.14) yields

d 1

nm 52(/ ng F%lm 1( )ds)qi'

=1

Let g =q1 V-V qq. By Holder’s inequality with respect to £ (s)ds, we get

I%”Qﬁséé(ﬁuf“ﬂﬁlm1@kb)(A3?@yu)é%

S [ X s

Therefore, by (4.10) and the Fatou lemma,

lim T¢ /fo(s) lim T, (s)ds,
=1

n,m—0o0 n,m—0o0

which implies by the Gronwall inequality that for each ¢ € [0, 77,

Dm (Jlpr =l + llpf = p ) = Tim T () = 0. (4.15)

m— o0

Now by (4.12), there is a subsequence ny such that as k — oo,
P,, weakly converges to some P € P(Cr),
and by (4.15), Pow; *(dz) = p(dx) = p,(x)dz and for each t € (0,77,

Tim ([lp = pulle + Mo = pillr) = 0. (4.16)

(Step 3). In this step we show P € MZ’OI’. More precisely, we want to show that for

fixed f € C2(RY), the process M/ defined by (2.56) is a By-martingale under P, that is,
for any ty < t; and every bounded B,,-measurable continuous function 7,

E((M{ — M{)n) = 0. (4.17)
Note that for each k € N, by SDE (4.7) and It6’s formula,
E]Pnk ((Mtkl - Mt]f))n) =0,

where

Mtk = f(wy) — flwo) — /Ot (tr(ank V) + bn,, - Vf) (s, ws)ds.
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Since = — ay,, (s, ) is continuous, to show (4.17), the key point is to prove the following:

klgn Ep,, (77 /tl bn, (8, ws) - V f(s, ws)ds) =E (77 /tl b(s, ws, ps(ws), ps) - Vf(s,ws)ds) :

to to
which follows from:

t1
lim sup Ep, (/ |bn,,, (8, w5) — b(s,ws,ps(ws),usﬂds) =0, (4.18)

m—oo [ to

together with

i B, (o b0 V(s ) <o (0 [ b - Vitwas) (@19

to to
for each m € N. The first limit (4.18) follows by the Krylov estimates (4.11), (4.3) and
(4.16). For the second, let

b, (s,2):=bp,(s,-)* I(x), €€(0,1),

where I is the mollifiers in (0.1). For each € € (0,1), since x — b, (s,x) is bounded
continuous, by the weak convergence of P, , we have

lim Ex, <77 / "1 (s, Vf<ws>ds) By (77 / "1, (5w W(ws)ds) . (420)

to to

Moreover, for each m € N and R > 0, by the Krylov estimate (4.11), we also have

t1
lim sup Ep, (/ |b;,  — by, |(s, ws)|]1|wS<Rds)
e—0 k m

to

(4.21)
<hm2|| — bn) Lpglliz ez =0,
and
t1
lim sup Ep, (/ |b;  — bnm\(s,ws)\]l|ws|>Rds) = 0. (4.22)
R—oo o to m

Combining (4.20), (4.21) and (4.22), we obtain (4.19). Thus we complete the proof of
existence. On the other hand, by the same calculations as in (4.15), one can show that
any two weak solutions have the same marginal distribution. Then by Theorem 3.14, we
get the weak uniqueness. O]

Remark 4.5. If b does not depend on the density variable r, then we can drop the
assumption po(dx) = po(z)dz. In this case, we can only use (4.14) to show that pu} is a
Cauchy sequence. We note that a similar result has been shown in [105]. However, even
in the non-mixed norm case, the results in [105] do not cover our case since we are using
the total variational norm in (4.3). Moreover, our proofs are based on the Fokker-Planck
equation, and Wang’s proofs are based on the backward Kolmogorov equation.



Chapter 5

Propagation of chaos of
McKean-Vlasov SDEs with singular
interactions

Let ¢ : Ry x RIx R - R™, F: Ry x RExR™ — R? and 0 : Ry x R — R ®@ R? be

Borel measurable functions. For a (sub)-probability measure u over R?, we define

b(t,x,pn) == F(t,z, (¢ ® p)(x)),
where ¢(x,y) := ¢(t,z,y) and

(¢ ® p)(z /fbta:y (dy).

Consider the following interacting system of N-particles,

dX" = b(t, XM gy )dt + o (8, X AW, i=1,--- N, (5.1)
where XY := (X" N1 ,XtN ’N) and nxy stands for the empirical distribution measure,
nxpy (dy) : ZéXNJ dy),

and {W' i € N} is a sequence of independent standard Brownian motions on some
stochastic basis (Q, . Z, P, (%)i=0).

In this chapter we are mainly concerned with the weak and strong convergence of
the solutions to (5.1) with general LP-singular interaction ¢;(x,y) to the solution of the
following DDSDE when N — oc:

dX, = b(t, X, pux,)dt + o, X, )dW}, (5.2)

99
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where px, denotes the distribution of X;.

Moreover, we are also interested in the moderately interacting kernel ¢;(z,y) =
Gen(r — y), where ¢, is a family of mollifiers and ey — 0 as N — oo. In this case,
the solution to the interacting particle system

dX = F (6, XM (e ® nxp (X)) dt + o (6, X)) AW, i=1,--- N, (5.3)
is expected to converge to the solution of the following dDSDE (see [81, 61]):
dXt = F(t, Xt, PX: (Xt))dt + U(t, Xt)th, (54)

where py, stands for the density of X;. Here p := (px, )0 solves the following nonlinear
and local (or Nemytskii-type) Fokker-Planck equation:

Op = 0:0;(aizp) + div(F(p)p). (5.5)

It should be kept in mind that for d = 1 and F(p) = p, this is Burgers-type equation.
Now, we make the following assumptions for b.

H®) Suppose that ¢;(x, ) = 0 and for some measurable b : R, x R — R, and x; > 0,
- +
|F(t,z,r)| < h(t,x) + K1|r|, |F(t,x,r) — F(t,z, )| < ke|r — 1), (5.6)

and for some (¢,p) € #° and w € S; and for any T' > 0,

Q=

h ~
I7llg @2y + o o

/ sup (mgm(-,y)n@g+m¢t<y,->|||;g)dt] <k (3T)

Example 1. We provide two examples to illustrate condition (5.7).

(i) Let d > 2 and ¢y(x,y) = c(z,y)/|x — y|*, where ¢;(x,y) is bounded measurable and
a € (0,1). It is easy to see that (5.7) holds for ¢ close to co and p € (d, £) with
d_ 2
=42 <1
p q

(i) Let d > 1 and ¢y(2,y) = ci(x,y) /ML |x; — yi|*, where a; € (0, 3) satisfies aq +- - -+
ag < 1 and ¢(x,y) is bounded measurable. Note that one can choose ¢ close to oo
and p; > 2 close to 1/a; so that |%| + % < 1 and (5.7) holds. In this case, the kernel
is allowed to have singularities along each axis.

The aim of this chapter is to show the following strong convergence of the particle
approximation.

Theorem 5.1. Let T > 0. Under (H%,,) and (H?), for any initial values X} and Xo,
there are unique strong solutions XY and X; to particle system (5.1) and DDSDE (5.2),
respectively. Moreover, letting pdY be the law of XY in R¥™N and gy the law of Xy in RY,

we have the following strong convergence results:
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(i) (Singular kernel) Suppose that pl’ is symmetric and po-chaotic, and
lim E|X)"" — X, = 0.
N—o0
Then for any v € (0,1),
lim E | sup | X' — X,/ | =0. (5.8)
N—o0 te[0,T]
(ii) (Bounded kernel) If h and ¢ in (H®) are bounded measurable and
Ko i=sup H (g |ug™) < oo, (5.9)
N
where p§N € P((RYN) is the N-tensor of po and H stands for the relative entropy

(see (2.57) below), then for any § > 2 and v € (0,1), there are constants C; =
Ci(T,~,6,0) >0, 1 =1,2 independent of ¢ and ko such that

1 Y
E ( sup |XtNJ . Xt|2'y> < CleC2||¢Hgo (E|Xév’1 — X0|2 + KQ];{[‘ ) . (510)
te[0,7

Remark 5.2. If supy E[X)"'|P < oo for some p > 2, then by interpolation one in fact
has

N—oo te[0,T]

lim E ( sup | XV — Xt|m) =0, v€(0,1).

The Euler approximation for particle system (5.1) with bounded interaction kernel was
studied in [115], which combined with (5.10) implies the full discretization approximation
for DDSDE (5.2).

Example 2. Let d = 1. Consider the following rank-based interaction:
b(t,x, p) = F(t,z, p(—o0, z]). (5.11)

In this case, the interaction kernel is ¢(z,y) = L(—soq](¥) = Lz—y=0, which is bounded
and discontinuous. Thus, by (5.10) we have the strong convergence rate of the particle
approximation. In particular, if we let V(z) := p((—o0,2]), o(t,x) = V2 and F(t,z,r) =
g(r), then V solves the following Burgers type equation:

/

O,V = AV + (/ng(r)dr> .

For g(r) = r, this is the classical Burgers equation. In this way, the above Burgers type
equation has been studied in [13, 60, 69]. In the following Example 3, we have another
way to simulate Burgers equation via moderate interaction particle system.

Next we turn to the moderate interaction system (5.3) and have the following result.
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Theorem 5.3. Let T' > 0. Suppose that (HZ;,) holds, and
|F(t,x,r)| < k1, |F(t,z,r)—F(t,z,r")| < Ki]r —r'], (5.12)
and for ey € (0,1) withe — 0 as N — oo,
61(7,y) = $er (v — y) = £3"0((x — ) /ew),

where ¢ is a bounded probability density function in R with support in the unit ball. Then
for any wnitial value Xo with bounded density py, there is a unique strong solution X to
density-dependent SDE (5.4) such that for each t > 0, X, admits a density p; with

lollee < C(T',0)lpolloc, t € [0,T7]. (5.13)

Moreover, under (5.9), for any T > 0, B € (0,7), v € (0,1) and § > 2, there are
constants C; = Ci(T, 5,7,9,0) > 0, i = 1,2,3 such that for all N > 2,

/ﬁ}2—|—1
N

v
E ( sup | X! — Xﬂ) < Crefeen™ (E|Xé“ — Xo? + ) + 0. (5.14)
te[0,7

Remark 5.4. Suppose that for some C' > 0,
E| X! — Xo|? < C/N.

If one chooses ey = C,/(In N)/09 with C, being large enough, then by (5.14), for some
C >0,

C
N1 2
E ( sup | X, — Xy 7) < (o )@/

te(0,7

Our results weaken the smoothness assumptions on F'; ¢ and py of Jourdain and Méléard’s
result (1.14). However, compared to Oelschlager’s work [81], the moderate interaction of
ey can not be chosen with ey?/N = o(1). It is noted that the results in [81] are only
about the weak convergence. In a future work, we shall study the strong convergence
when ey = N=# for some 3 > 0.

Although we assume that F' is bounded in (5.12), once we can establish the existence
of bounded solutions to the Fokker-Planck equation (5.5) under linear growth assumptions
of F'in r, then the boundedness of F' in (5.12) is no longer a restriction. We illustrate
this in the following example.

Example 3. Consider the following special case:

Oip = Ap + div(F(p)p),
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where I : R, — R? satisfies Z?Zl |F/(r)| < k1. Since the above equation can be written
in the following transport form:

Op = Ap+ (F(p) + F'(p)p) - Vp,
it is easy to see that by the maximum principle,

1otllse < [l ol oo-

This can be established rigorously by considering the truncated F as F,(r) = F(r A n),
where n > ||po]|o. In particular, the above example covers the one dimensional Burgers
equation, i.e., Fi(r) = r. In this case, if one takes ¢(x) = 1;_11(x)/2 in (5.3), then

N
- 1
N,i
((ZSEN ® nX{V)(Xt ) = 2N5N Z IL‘XtN’ithN’j‘SEN'
7=1

We believe that this is useful for numerical experiments.

5.1 Outline

In this section, we give a brief outline of the proof to Theorem 5.1 and Theorem 5.3.

In Section 5.2, we give two different method to prove weak convergence of N-particle
systems (5.1). On the one hand, in Section 5.2.1, by the classical martingale method we
show that the propagation of chaos for (5.2) with singular kernels holds in the weak sense,
where the key point is to use the partial Girsanov transformation used in [59, 99] to derive
some uniform estimate for the exponential functional. Here the strong well-posedness of
N-particle systems (5.1) can be used to treat the chaos of the initial distributions. This
extends the assumption of i.i.d. initial distributions in [99, 53]. On the other hand, in
Section 5.2.2, we also provide a detailed proof for Jabin and Wang’s quantitative result
[58] for bounded interaction kernels. This is not new and only for the readers’ convenience.

In Section 5.3, we give the proof of Theorem 5.1 and show how to use Zvonkin’s
transformation to derive the strong convergence from weak convergence obtainded in
Section 5.2, where the key point is Lemma 5.12.

Finally, in Section 5.4 we apply Zvonkin’s transformation again and the stability results
obtained in Lemma 4.4 to prove Theorem 5.3.

5.2 Weak convergence

Throughout this section we assume (H%. ) and (H’). Let

mix

XN o= (xN o XY WY =t Y,
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and for xV = (x!,.-- ,2V), define

B(t,x") = (F(t 2, % i (), xj)) . ,F(t, 2V, % i (2, ﬁ))) . (5.15)

and a (dN) x (dN)-matrix o by
o(t,x") = diagy(a(t,z"), - ,o(t,zV)). (5.16)
Then the particle system (5.1) can be written as an SDE in R4:
dX}Y = B(t,X\)dt + o (t, X)dW,".
Noting that by (H®),

N
. K . .
Bi(t, ) < h(t,a') + 55 D lon(at,a?)]
j=1

we have for p = (0o, -+ ,00,p) € [1,00|"N and for w; = (1,--+ ,i — 1,i+1,--- ,N,i),

1Billy gz, < Wnlug @z + %

1
T a
[ sw m@(-,wn@dtl .

0 yeRd

Then, by Theorem 3.1, for any initial value X2, there is a unique strong solution to the
above SDE. In particular, there is a measurable functional ® : R¥? x C{¥ — C¥ such that

XN = (XY, WM (t), tel0,T]. (5.17)

5.2.1 Martingale approach

In this section we use the classical martingale approach to show the following qualitative
result of weak convergence.

Theorem 5.5. For any N € N, let &N, -+ &N be N-random variables and po € P(R?).
Suppose that the law of (€N, .- EN) is invariant under any permutation of {1,--- N},
and for any k < N,

Po (), &N) ™ = 4% N = . (5.18)
Then for any k < N and T > 0,
N,1 N, \—1
Po (X Xom) — ufgf;], N — o0, (5.19)

where juo 1) is the law of the unique solution of dDDSDE (5.2) with initial distribution i
on Crp.
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First of all, we use the partial Girsanov transform as used in [59, 99] to show some

uniform Krylov estimate for particle system (5.1). Let {/VIV/;,Z € N} be a sequence of
independent d-dimensional standard Brownian motions. For each # € R?, let Z;(x) be

the unique strong solution of the following SDE starting from x:

dZ, = o(t, Z,)dW}, Zy = .

For each z = (2%,---,2N) € RWV-Dd let ZN(2) = ZN .= (zM?,... ZNN
unique strong solution of the following SDE starting from z:
Az =o(t, 2N gy )dt + o (t, 2V AW}, 20 = 2F,
where k =2,--- , N and
| X
N (dy) := N Z 9. (dy).
=2
In particular, as Brownian functionals of W and (W2, WY ) respectively,
Z.(+) is independent of Z"(-),
and by the notion of strong solution of SDEs (see (5.17)),
)’ZiiN71 = Zt(é.{v)’ (5(/15\[27 e 7XtNN) ZN(§2 y " 75]1\\/[) = Yljtvv
solves the following SDE:
AX" = o, XM aW!, XM =g
and for each k =2,--- | N,

dXMF = b(t, XV ) dt + o (6, XVF) AW, X0 =6,
where

77sz Z(SXN] dy

Now let us define
g (dy) : ZéXNJ dy), H ' := a(t,)?;v’l)ilb(t,X'tN’l»niy),

and for k=2,---, N,

) be the

(5.20)

(5.21)

(5.22)
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By the above definition, we clearly have for each i =1,--- | N,
AXM = b(t, XM mg)dt + o (8, X) (AW — HVd) (5.23)
The following uniform estimate is the key step for performing the Girsanov transform

to derive the Krylov estimate for the particle system, whose proof strongly depends on
the independence in (5.20) and the strong uniqueness used in (5.22).

Lemma 5.6. For any v, T > 0,

N T
sup E exp {72/ |H§’Z|2dt} < 00. (5.24)
N i=1 /0

Proof. For x € R? and y = (y,--- ,y") € RW-D4 let us write n, = + ZjVZQ 4, and
define

Oz
[yty) = olton) b (1052 ).
and for k=2,--- | N,

_ Oz
Fk(tvza y) = U(tayk) ! |:b (t7yka N + 77y) - b <t7yk777y):| .
From the very definition, one sees that for each ¢ =1,--- | N,
HYN =Ti(s, XN YY),

and by (5.21) and (5.20),
N T T N
E exp {72/ ]Hév’i\2ds} = Eexp {fy/ Z\Fi(s,ZS(ﬁfv),Yiv)Fds}
i=1 70 0 =1

T N
=K (Eexp {’7/0 Zl ’Fi(s7 Zs(x)7 ys)' dS} ()= {V,YN)>
sup]Eexp{ / Z|Pi(8’Z5<$>’ys)|2ds}
= sup Eexp {’y/ fuy (s, Zs(x))ds} , (5.25)
x,Y. 0

where for y = (ys>se[0,T]7

N
J}') = Z |Pi(87 x, ys)‘2‘
=1
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Note that by (5.6) and because ¢(z,z) = 0,

N
1 .
|F1(t,$,y)| = O'(t,ZL‘)_lF (t7.17, N(gbt(x?x) + Z |¢t(x7y])|>) ‘
j=2
. N
< Ho-il”oo (h(t,l‘) + Nl Z(bt(xvyj)) P
j=2
and
fllo Moo, ok
Tult 2,9 < “HEA =gy ),
and by (5.7),
T 1/q
([ swplrutewltyar) < ot + 2
0 Y ’*
and

1/q

T 2 —1
K “U ||<><>
Ly(t, -, g2, dt g 21
(/0 Szp ”| k( ) 7y)|H]L£ ) N —1

From these two estimates, by Minkowskii’s inequality, we derive

T 2/q N T 2/q
2 2
([ sl sonzgar) <3 ([ swlirpPig.a)
0 Yy 4 0 Yy 4

1=1
N
i=

T 2/q
-3 ([ s i)
0 Yy

1 p
<o 1 (e o+ )
Thus, because (£,%) € %, by (3.46) we have
T
sup E exp {’y/ fy(s, Zs(x))ds} < C,
oy 0

which together with (5.25) yields (5.24). O

Now if we define

N t _ 1 N t
&N = exp{Z/ HéVIdW;—§Z/ |H;V’i|2ds},
i=1 70 i=1 70
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then by (5.24) and Novikov’s criterion, ¢ — Z; is an exponential martingale and

N t .
EN =1+ Z/ HNAEN AW,
i=1 70

Thus, by Girsanov’s theorem, (WZ— [y HY ”'ds)i[lo’;]’]v

nian motions under the new probability measure

are N-independent standard Brow-

Q= &'P.
Moreover, by (5.23) and the weak uniqueness for SDE (5.1), we have
Qo (X¥p) ' =Po (X¥p) ", (5.26)
and for any v € R, by (5.24) it is standard to derive that
supE ( sup |éatN|7> < 00. (5.27)
N t€(0,7]
From these, we can derive the following crucial Krylov estimate for the particle system.
Lemma 5.7. (i) The law of (XtN’l)te[Oﬂ, N e N, in Crp is tight.
(it) For any T >0, (¢,p) € S and w € Sy, there is a constant Cy = C1(T,0) > 0 such
that for any f € LL(LP),

T
supl ([ (0.0 ) < Cullf ey (529
0

and for any X\ > 0 and 8 € (0,2 — \%| — %), there is a Coy = Co(T,0,\, 3) > 0 such
that for any f € iqT(ﬂfr),

2/B

T N1 Call 125
sup E exp {/\/ f(t,Xt ’ )dt} <e Lpte) (5.29)
N 0

(iii) Let py,py € (1,00)% and let ¢ € (1,00) with |pi1| + |pL2| —i—% < 2 and ™y, ™y € 9.
Then for any T > 0, it holds that for some C3 = C3(T,©) > 0,

T
SupE ( / f(t,XiV’l,XZV’Q)dt) < Csll fllzs @z er2) (5.30)
0

where L4, (L2 (L22)) is the localization of L4(LEL (LE2)) as in (2.10).
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Proof. (i) By (5.26), Holder’s inequality, (5.27) and (5.22), there is a constant C' > 0 such
that forall 0 < s <t < T and N € N,

ELX," - XN = E(6 X - XY
< (B(&)" EBIXY - XY < Ot — s,

which, together with (5.18), implies the tightness by Kolmogorov’s criterion.
(ii) Let v > 1 be such that (1,%) € 5. By (5.26), Holder’s inequality, (5.27) and
(3.27), we have

E (/OT f(t,XtN’l)dt> ) (é‘;{v /OTf(t,)N(jV’l)dt>
< seepy=] " [ ([ e werar)]

1
<Ol = Ol sz

Lq/v Lp/v

(5.29) follows by the same method and (3.46).
(iii) Let v € (1, min;(p1s, p2i) A q) be such that |1~
Hoélder’s inequality and (5.27), we have

T T . N
E( / f<t,XiV’1,XiV’2>dt)—E(£%V / f(t,XiV’l,XZV’Z)dt>
0 0
y 71 T g
<[z =] B ( [ e 2 )|
0

s e [ L\ ), XEpar)) %

By |p1/7| + |p2/7| + Q/v < 2, one can choose ¢, g, > 7 so that q1/"/ + q2/7 =1+ q/7
(¢:/7:p;/7) € Fo, i = 1,2. Since Z.(z) and X¥? are independent by (5.20) and (5.21),
and satisfy the Krylov estimate (5.28), the desired estimate now follows by using [89,
Lemma 2.6]. O

|+ |55+ ;5 < 2. By (5.26),

P1/v v

and

In the following, in order to take weak limits, we need to mollify the coefficients. For
€ (0,1) and k € N, we define

be(t, 2, 1) = Fo(t,x, (¢F ® p)(x)), (5.31)

where
F.(t,x,r) = (—e )V ((F(t,-,r) = I) () Ae
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and
¢f(m,y) = (_k) Vv ((¢t * Fl/k)(fb, y)) Ak.

We have the following properties for the above approximation.
Lemma 5.8. (i) b € LF(Cy(R? x P(R?))) and
Ve et 2, 10)] < o % () + o5 ® p) + I2(2)

and
|b_ ba,k|(taxau) < sSup ‘FE - F‘(t,ﬂj,?") + KVO‘(Q%C o ¢t) ®[L|(.T)

|r|<k

(ii) For any T > 0,

T
lim limsup E (/ |b— bg,k|(s,XéV’1,nX§v)ds) = 0. (5.32)
0

k—ocoe—0 p

Proof. (i) is obvious by definition and the assumptions. We now show (ii). Note that

N
b — be | (5, X2 mxw) < sup |F. — F(s, X', r) —OZ — ¢ (XN XNI) . (5.33)
: Ir|<k N =
We first show that for fixed r € R™,
T
limsup E (/ |F, — F|(s,XéV’1,r)ds) = 0. (5.34)
e—=0 N 0

B) e A and |F(-,r )|||Lq 1 my < O by (5.6) and (5.7), by Holder’s

Let R > 0. Since (£,%
), (2.12), we have

inequality and (5.28),

T
E </0 |F. — F](S,XSN’l,T)Il|XSzv,1>Rds>

T 51 T 3
< []E (/ \FE—F\z(s,XSN’l,r)ds)} U P(|X§V’1]>R)ds}
0 0

N

T
1/2
SNE = FPC s o U (IP(IX;V,l_XéV,q>§)+P(|X§,1|>§)>ds}
0
— 1
T N,1 N,1 2
E[XNT - X
SIPC Iy | ( = +P(|Xé“\>§))ds]

N

[C
SIFC g g |5 + POEN] > %)] 0, R oo (5.35)
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On the other hand, for each R > 0, by (5.28) again, we have

T (2.13)
E (/0 |F. — F|(57X£V’17T)1|X§V’1<Rd5) S ICFe = F)('vr)lBR|||E%(E£) — 0, e=0,

which together with (5.35) yields (5.34).
Since |F.(t,z,r) — F.(t,x,r")| < Ko|r — 1’|, by (5.34) and a finite covering technique,
for each k € N, we further have

T
lim sup E (/ sup |F. — F|(5,va’1,r)ds> = 0. (5.36)
e—=0 N 0 |rl<k
Indeed, for any given 6 > 0, one can find M-balls in R™ with centers in {r;,i =1,--- , M}

and radius ¢ such that
{ro|r| <k} CUimr.o mBs(ri).

Thus,

T
E </ sup |F. — F|(5,X£V’1,7’)ds) <
0

M
Ir|<k -

T
]E(/ |FE—F|<S,X;N’1,T1‘)dS> +I€05.
0

=1

By (5.34) and firstly letting € — 0 and then § — 0, we get (5.36).
Moreover, for j # 1, since

T T
B ([ 1ot - odoertxinas) =k ([ 1ok - o xs),
0 0
as in proving (5.34) and by (5.7) and (5.30), we also have
T
i sup® ([ 16f 6,00, X34 ) o,
k—oo N 0
and because ¢s(z,z) =0 and (5.28),

T
lim sup E (/ |¢§|(X§’1,X5]V’1)ds) = 0.
k—oo N 0

Hence,
T
i sup sup 8 ([ ok - 0 (02, x5 ) o,
k=oo N j=1,. N 0
which together with (5.36) and (5.33) yields (5.32). O

Now we are ready to give the
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Proof of Theorem 5.5. Consider the following random measure with values in P(Cr),

N
1
w— ly(w,dw) := N ZéXN,i(w)(dW).
i=1

By (i) of Lemma 5.7 and [98, (ii) of Proposition 2.2], the laws of Iy, N € N, are tight in
P(P(Cr)). Without loss of generality, we assume that the laws of Iy weakly converge
to some Il € P(P(Cr)). By (5.28) and (5.30), it is standard to derive that for any

(q,p) € S and [ € LL(LP) (see [110, Remark 3.4)),

/P(cT) /cT (/OT f(s’ws>ds> v(dw)e(dv)

and for any p,,p, € (1,00)% and ¢ € (1,00) with |pll| + |pi2| +§ < 2, and m,m, € Sy,
f € LH(LR (LR)),

/P(CT) /(CT /CT (/OT f(s’ws’wg)dS) v(dw)v(dw) Iy (dv)

Our aim below is to show that Il is a Dirac measure, i.e.,

< Ol i, (5.37)

< Ol llzg @z @z (5:38)

Hoo(dv) = 0,(dv), Il —a.s.,

where p € Mbe is the unique martingale solution of dDDSDE with initial distribution

Ho-
We divide the proofs into two steps.
(Step 1) For given f € C2(R?) and v € P(Cr), we define a functional on Cr by

M]?,f(t?w> = f(wt> - f(wO) - /O gymbf(sa ws)d5> te [07T]7

where

L7 f(s, 1) = %tr(aa* V2 f)(s,x) + b(s, x,v5) - Vf(z),

and
v, :=vow, " is the marginal distribution of v at time s.

Fix n € N. For given ¢ € Co(R™) and 0 < s; < -+ < 5, < 8, we also introduce a
functional =% on P(Cr) by

$W%=A;@@ﬂm@—Mﬁ@wwﬂwp~wwﬁwwﬁ
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In particular,

M"b £, X = M{g, (s, X)) g (XN, - X

S1 7

||Mz

and
-1 _
Uy ows ™ =nxu.

Noting that by It6’s formula,
M (00 = G = 7O = [ 280 16,20
t
= / (U* ’ Vf)(saX;VJ)dWsZ?
0

by (5.39) and the It6 isometry for stochastic integrals, we have

N
EJZ(ILy)* = 5E

Suppose that we have proven

Jm BENIL)| = [ 20l el

P(Cr)

Then by (5.40) and (5.41), for each f € C3(R?) and n € N, g € Co(R™),

[ [EHa(d) =0 = Zhw) = 0 for Tcas. v € P(Cr).
P(Cr)

t
S [0 VRS g (0 X

t
= L3[BT X (2 X Far

(5.39)

2

(5.40)

(5.41)

Since CZ(R?) and Cy(R"?) are separable, one can find a common I ,-null set N' C P(Cr)
such that for all v ¢ N and for all 0 < s <t < T, f € C3(RY) and n € N, g € Co(R™),

E?(V) = /(C (M](‘T,f(t7 ’LU) o M;”T,’S(va»g(wsn e ,wsn)V(d’LU) = 0.
T

Moreover, by (5.18) and (1.7), we also have

Hoo{v € P(Cr) :vg = po} = 1.
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Hence, for Il -almost all v,
b
veM.
Since Mf;ob only contains one point by uniqueness (see Theorem 4.1), all the points v ¢ N
are the same. Hence, IIy weakly converges to a one-point measure. By [98, (ii) of

Proposition 2.2], we conclude (5.19). Thus it remains to show (5.41).
(Step 2) Let b, be defined by (5.31) and define

Eex(v) = /cc (M;’:E’k(t,w) - M;ﬁ” (s,w))g(ws,, -+, ws, )v(dw).
T
By b.x € L (Cy(R? x P(RY))), we have

Es,k € Cb<7D(CT)), Ve > 0, k € N. (5.42)

Indeed, note that
za) = [ (#) = stw) + 5 [ wtor™ T w0 ) g v ot
+ / (/ (be s - V)(r,w,, yr)dr) g(wg,, -+ ws Jv(dw) =: Eil,z(y) + Egﬁ(y)
Cr s

Since f € Cf and o, g are bounded continuous, we have Egl,i € Cy(P(Cr)). For Ef,z,

since it is a non-linear functional of v, we have to take some care for the continuity of
v 2% (v). Suppose that v,, € P(Cy) weakly converges to v € P(Cr). By definition,

we have

=8 () — Q)| <

/(CT (/:(bg,k -V )(r, wr,ur)dr) G(ws - ws ) (v — l/)(dw)‘

el Vel ([ 1658 G = 01l ) vl
= IV 4+ 1@ o
where we have used that
|F.(r,x,81) — F.(r, 2, 89)| < Ko|s1 — Sal.
For I,(T}), we clearly have

lim IV = 0.

m—0o0

For IT(,%), by the dominated convergence theorem, it suffices to show that for each r € [s, t],

m— 00

lim |67 © (v — )| (wy ) v (dw) = 0,
Cr
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which follows by noting that (see the proof of (5.36))
lim |¢F @ (v —v),|(z) =0, z € RY,
m—0o0
and
lim  sup (¢ @ vyn,)(2) — (6 @ ) ()] = O,
lz—y[—=0 m
Thus we get (5.42), and so,
lim E|=. . (IIy)| :/ 1Z k(1) oo (dv).
N—oo P(CT)
On the other hand, we note that
t
=) =2 = [ ([ 0= b V) gl (o),
Cr s
and
1o/ [
Ee () — E?‘<HN) N Z </ ((b—beg) - Vf)(T, Xiv’zaﬁx,{v)dr) Q(Xé\f’l’ T ,XSJX’Z)-

=1

By (5.32), we have

lim lim sup E|=. . (Iy) — Z%(Iy)|

k—ooe—0

t
< VS llellglloe Jim Tim SUpE (/ b — b () Xﬂv’l,nxgy)dr> =0,

and by (5.37) and (5.38), as in showing (5.32),

lim lim 12k (V) — ES (V)| U (dv)
k=000 fp(cpy f

T
IV el it [ (= sl s ) @) = 0

Thus we obtain (5.41) and the proof is complete.

5.2.2 Entropy method

O

In this section we recall the entropy method used in [58] to show a quantitative result for
weak convergence when the interaction kernel is bounded measurable, which is essentially
contained in [58]. For the completeness of the paper, we provide a detailed proof. We

first prepare the following lemma.
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Lemma 5.9. Let ¢ : R x RY — R be a bounded measurable function with ¢(x,x) = 0
and & := (&1, -+ ,&N) be a sequence of independent identical distributed random variables.
Set
¢(z,y) = d(x,y) — (¢ ® p) ().
Then for any A < m,
REerNI(@ene) € « 6,

where n¢(dy) := % Y1, 0, (dy).

Proof. Note that by Taylor’s expansion,

00 oo N
_ )\mN m
@MWW@WZE:Tn|W®%MMMZE:WMJ§:&£7
m=0 m=0 j=1

< ZO m)l\;m22m<|q_s(§l7£1)|2m + ‘ Z&(gl’gj) 2m>

= (4 -
< 757,']\)77” (H¢H2m+ Z ¢(€17€J1) "'¢(£17§jzm)> .

m=0 J1y s jem=2

Let J be the set of all indices (ji, -+, jom) € {2, , N}*™ such that there is at least one
index j, different from all others. Since for j € {2,---, N} and z € R,

EQE(ZL‘, f]) = O,

by the independence of the components of €, we have for any (ji,- - , jom) € J,

E[6(61,€1) - 6(61,n,)] = B[E[6(,65) -+ 6w 66,)] e | = 0.

Hence,
(4x)m

Bl (1 + 139,

EeANI(6®ne)(61)? < Z

where §J¢ stands for the cardinality of the complement set Je.
Suppose 2m < N. It is easy to see that (ji,---,jom) € J¢ if and only if each ji
appears at least twice and there are at most m-distinct j5. Thus one has

Je=umJ,,

where J,, is the set of (ji,- - ,jam) such that each j, appears at least twice and exactly
n-integers appear. Clearly, by Stirling’s formula n" < e"n! < e?"n", we have

— N-—-1" (N —1)"
jj']n (N 1 >n2m:< ) n2m<e( ) n2m<<Ne)nnm

VAN
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Thus, for 2m < N,
13 <) (Ne)™n™ < 2(Ne)™m™ < 2(Ne)™e™m!.
n=1

Moreover, for 2m > N, we obviously have

136 < N*™ < N™(2m)™ < N™(2e)™m).

1
So, for A < e,
_ e 3 1 00
E )‘N|(¢>®77§)(51)|2 g AN)™ 2m< 9 m) g 9 o-m _ ¢
c S IGE ( + (207) <23
The proof is complete. O

Now we can use the entropy formula in Lemma 3.26 to show the following result.

Theorem 5.10. Suppose that (H) and (H®) hold and ¢ is bounded measurable. Let
ulY be the law of XY in R™ and u; be the law of X, in R%. Then there is a constant
C = C(ko, k1) > 0 independent of ¢ such that for anyt >0,

H (¥ 1) < eI (A (i) + Cll1%t ).

Proof. Let 1, = % ZzNﬂ d,: and B, o be defined by (5.15) and (5.16), respectively. By
Lemma 3.26 and (5.6), we have

1 t
H(p ™) < H(pd |0§™) + 5/0 E-

t
K
< H(ug'lng™) + 30/ E“*
0

0(37 ws)il(B(sa ’LUS, /LS) - B(S, w87 nws))PdS

B(s,ws,,us) - B(vasvnws)|2d8

N t
KoKk N . .
<R 1Y) + S [0 ) = (008 ()P
i=1

(65 ® 1w, ) (w,)[*ds.

RoK1 t N
= () + g [ e
0

Now by the variational representation (2.60) and Lemma 5.9 with A = W, we further
have
t
RoRk1 RN bs BN ) (wl)[2
H (g 1) < H (g |15™) + =3= / M ™) + 1og B N8 () g
0

t
<HOB ) + ClolE [ [HO10) +1og6] ds,
0

which yields the desired estimate by Gronwall’s inequality. O
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Remark 5.11. By the Pinsker inequalities (2.58) and (2.61), we have for any k < N,

eCII¢>II2 tk
1 = ¥ e < /2 (1 Y V) + CllgllAt).

Note that when F(t, z,7) = r is linear and H(uiv’km;@k) < Cok?/N?, by a delicate analysis
of the BBGKY hierarchy, the following sharp estimate is obtained by Lacker (see Theorem
2.10 of [70]):

11 = e </ 2H (1| 1ER) < CE/N.

5.3 From weak convergence to strong convergence :
Proof of Theorem 5.1

In this section we show how to use the previous weak convergence result to derive the
strong convergence of the particle system based on the Zvonkin’s transformation. The
following lemma is the key point.

Lemma 5.12. Let ¢ : Ry x R? x R — R be a measurable function. Set
ét(‘ra y) = ¢t(‘r7 y) - (¢t ® :U’Xt)(x)

(i) If ¢ is bounded measurable, then there is a constant C = C(kg, k1) > 0 such that for
allt >0,

B (G0 @ )X < Cllole 1 (R 10§™) +1) /N, (5.43)

(i1) If ¢ satisfies (5.7), then for any T > 0,

lim E (/OT |(fr ® nxy)(XtN’l)\zdt> = 0. (5.44)

N—oc0

Proof. (i) By the variational representation (2.60), for any € > 0, we have
ENE|(6r ® ) (X" = eNE Gy(w] mw, [P < H (¥ [1f™) + log B NIt m),
which in turn implies (5.43) by Lemma 5.9 with ¢ = W and Theorem 5.10.

(ii) By definition we have

N

o 1 T ,
E (/0 | (¢ ®77X§v)(XtN’1)|2dt) = Y E (/0 Ft(XtN’l,XfV’J,XjV”“)dt) . (5.45)

jk=1



CHAPTER 5. PROPAGATION OF CHAOS 119

where ~ -
Ft(‘ra Y, Z) = ¢t($7 y)¢t<m7 Z)
Let ¢5(x,y) := (¢¢ * I'.)(x,y) be the mollifying approximation of ¢; and

o (z,y) == ¢ (7, y) — (¢ ® px,) (),

and B B
L.y, 2) = ¢ (2, y)¢% (z, 2).
Noting that

(T = T9)(2,y, 2) = (00 — 67) (2, )95 (2, 2) + @l y) (b0 — &7)(, 2),
by Holder’s inequality, we have

IN(e) = ‘IE (/T(rt —~ Ff)(XtN’l,XtN’j,XtN’k)dt) ’
i 1/2 T 1/2
< ([ @-apoar i) (B[ see )
OT 1/2 T i 1/2
- (E /0 @(Xi“,XZ”)?dt) (E /0 (6 ¢§>2(X§’1,X5V’k)dt) ~
Using the Krylov estimate (5.30) and as in showing (5.34), we get

lim sup sup I (¢) = 0. (5.46)
e=0 N gk ’

On the other hand, for fixed ¢, by (5.19) we have

T
lim sup IE( / Fi(XfV’l,XfV’J,XZV"“)dt>
0

N=00 k1
T
= lim E </ Fi(XfV’l,XfV’Q,XfV’?’)dt)
N—o0 0
T
_E ( / r;(x},xf,xf)w) o, (5.47)
0

where the last step is due to the fact that
EL; (X}, X7, X7) = E [E¢; (v, X7)E¢; (v, X7); 2 = X | = 0.
Thus by (5.46) and (5.47),

T
lim sup E (/ Ft(XfV’l,XtN’J,XtN’k)dt) = 0. (5.48)
0

N—oo jAk#1
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Moreover, by the Krylov estimate (5.30) we also have

T
supE (/ T (X0 Xj“,Xj“’f)dt)
Jk 0

T 2
<supE(/ o (X1, X1) dt> </ (XN XM dt)
3k 0
0.

=supE (/ o (X1, X1) dt) <
j 0

J

(5.49)

By (5.45), (5.48) and (5.49), we obtain (5.44). O
Now we can give the

Proof of Theorem 5.1. Let X, be the unique strong solution of dADDSDE (5.2) starting
from Xy (see Theorem 4.1). Define

bt, x) = b(t,z, ux,) = F(t, 7, (¢ ® pix,) (7).
By (H?), it is easy to see that
b= |||5|||L4T(J££) < 00.
Consider the following backward PDE
du+ Ltr(oo* - V*u)+b-Vu—Au+b=0, u(T)=0.

By reversing the time variable and Theorem 2.19, there is a unique solution u satisfying
the following estimate: for any 8 € (0,v), where ¥ := 1 — | | — £, there is a constant

Co = Co(T, ko, d, p,q, 3) > 1 such that for all A > Cyb?/?,
A2l e + [Vl gp) < Cod. (5.50)
In particular, one can choose A = (2Ch)?/? so that
IVullige < 3 (5.51)

Now if we define
O(t,x) :=x +u(t,z),

then for each ¢,
x> ®(t,2) is a Cl-diffeomorphism on R?,

and

VOl + VO lLy < 2. (5.52)
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Define
Y, = ®(t, X,), YV =a X,

By Ito’s formula (see the proof in Lemma 3.12), we have
dY; = Au(t, X,)dt + (¢, X,)dW}
and
Ay = Au(t, XVHdt + (B - Vu) (6, XN dt + 6t X0 dW

where ¢ := ¢*V® and
B(t,l’) = b(txanf’) - b(ta x)l’[’Xt)'

In particular, we have
t
Y =Y, = (0, X5") — (0, Xo) + A / [u<s, XN —u(s, Xs)} ds

0

t t

+/ (B-Vu) (s, XV)ds + / [5(3,)(;“) . &(S,Xs)] A,
0 0
By Itd’s formula and (5.51), (5.52), we further have

t
VSV < AIX - X2+ / Y = V(XS = X[+ |B (s, XN [)ds
0

¢ (5.53)
+ / 6(s, XN — 6(s, X,)[2ds + M,
0
where M, is a continuous local martingale. Note that by (2.15),
1505, X2 — 6(5, X, )[2 < 2o ()| XD - X, 2,
where
Una(s) = MIVE(s, (X)) + MIVE (s, ) (Xs) + [16]15 + A+ 1.
Thus, by (5.53) and (5.52) we have
t
X — X2 < C<|Xév’1 — Xof? +/ Cna(s)| X! — X, |2 ds
0
(5.54)

t
+/ |B(S,XSN’1)|2dS> + M,
0

where C' > 0 is an absolute constant. By the chain rule, we have

M|VG)? < AM|Vo|* + ||o|2 M| VZu)?.
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By (2.16) and (3.2), we have

IMIVO Pl s0r2gpor2) S NVOPlaor2zpor2) = IVl < ko,

LI (LR0)
and by (5.50),
(Cob)Q.

L (L?)

IMIV*a* a2y S VAPl a2 gz = IVullf

Since (4, B), (4, 8) € A, by (5.29) and (3.46) we have for any v > 0,

T
A, :=supEexp {’y/ EN,,\(s)ds} < 00.
N 0

Thus by (5.54) and Lemma A.5, we get for any v € (0, 1),
T 2!
E ( sup | XV — Xt|27) < C ALn (IE|X(])V’1 — Xo)? + IE/ |B(3,XSN’1)]2ds) . (5.55)
te[0,7T] -l 0

Noting that by (5.6),

|B(t,2)] < ral (60 @ nxp) () — (b ® px, ) ()] = ria (&1 @ mxp ) ()],

where B
¢t(x7 y) = th(l‘, y) - (gbt ® :uXt)(:L‘)7
we further have for any v € (0, 1),

~

T
E ( sup [ X thh) < C A (E|Xé“ - +rE [ 16 ﬁxg)(XsN’l)FdS)
-1 0

tel0,7

Now, (i) follows by (5.44) and the above estimate.
(ii) When h and ¢ are bounded, by (5.6) one has

[b(t, )| < [[hlloo + F1ll6 ]l

Thus for any § > 2, one can choose ¢, p in (5.50) close to oo so that ¥ =2 =1 — % - |Tl)|
and

b = Wil 2y < CL+ l6llo).
By (5.29), (3.47) and for A = (2Ch)*?, we have

2/9

T
N 0

Estimate (5.10) now follows by the above estimates and (5.43). O
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5.4 Moderately interacting particle systems: Proof
of Theorem 5.3

We consider the following McKean-Vlasov type approximation for density-dependent SDE
(5.4):
dX7 = F(t, X5, (6e * p)(X7))dt + o (t, X7)dW/, X5 = X,

where ¢.(1) = e ¢¢(x/c), and ¢ is a bounded probability density function with support
in the unit ball, F' is bounded measurable and pj is the density of X;.
We first show the following lemma.

Lemma 5.13. For any T > 0, f € (0,%) and v € (0,1), there is a constant C' =
C(T,B,v,0) > 0 such that for all € € (0,1),

E| sup | X7 — X,|* | <Ce.
te[0,7]

Proof. Let X; be the unique strong solution of DDSDE (5.4) starting from Xj. Define

b(t,z) := F(t,z, py(x)).

By assumption we have B
[1bllege < [1F g

Consider the following backward PDE
du+ Ltr(oo* - VPu)+b-Vu—Au+b=0, u(T)=0.
As in the proof of Theorem 5.1 we construct a C''-diffeomorphism
O(t,x) :=x +u(t,z),

and define
Y =0t X;), Y=ot Xy).

By the generalized It6 formula, we have
dY; = du(t, X;)dt + & (¢, X;)dW}
and
dYy = Mu(t, X;)dt + (B - Vu) (¢, X;)dt + 5(t, X;)dW},
where 0 = 0*V® and

Be(t, ) := F(t,x, (¢ * pj)(x)) = F(t, x, pe()).
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In particular, we have
t t
YV, = /\/ [u<s,X§) - u(s,Xs)] ds +/ (B. - Vu) (s, X%)ds
0 0
t
n / [&(s,xg) - 6(5,X3)] A,
0
By It6’s formula and (5.51), we further have

t
Y7 — 3/}\2 < / Y: — YS|()\|X§ — X + |B€(57X§>|)d5
o (5.56)
+ / (s, X5) — 6 (s, X)[ds + M,
0

where M, is a continuous local martingale. Completely the same way as in proving (5.55),
we have

T Y
E| XM — X, | < (]E/ ]BE(S,X§)|2ds> . (5.57)
0
On the other hand, for any p > d, by Lemma 4.4 we have
t _1 d
16F = el o / (t — 5y 30D B(5) g, ds.

By the Lipschitz assumption on F'in r, we have

I B=($)llgs < 1Be(s)lliee S Nlde * £5 = pslliee <1105 = psllue + [1de * ps = psllie.

For any 8 € (0,7), noting that by (3.42),

[ps(- +y) — pslle < C||p0||oo‘y|ﬁs—5/2’
we have
6. .= pile < [ e +) = pulh 100y
R
S5 [l lowldy S 57 (559
Rd
Hence,

! _1(4d s
Ik = s Se [ (6= 93Dt = s + 5750,
0
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By Lemma A.4, we have
165 — prllee < CH75728 < O 5P, (5.59)

Note that by (5.6), (5.58) and (5.59),

BIB: (5, X0) P < [ 1025 (o) — o) FriCo)de
< KLll0e * pf = pullEe < Os™7%
Substituting this into (5.57), we obtain the desired estimate. ]
Now we can give the

Proof of Theorem 5.3. This is a direct combination of Lemma 5.13 and (ii) of Theorem
5.1. O



Chapter 6

Strong and weak convergence rate of

averaging principle for
McKean-Vlasov SDEs with localized
LP drift

In this chapter, we consider the averaging principle of the following DDSDE with highly
oscillating time component

t
dXE=b <E,Xf,u§) dt + o(X;)dW,, X§ = ¢ € %, (6.1)

where b : R, x R? x P(RY) — R? and ¢ : R? — R? ® R? are measurable functions,
w5 = L(XF) is the time marginal law of X7 and the time scale 0 < ¢ < 1.
Throughout this chapter we need the following conditions.

H!) Let py € (dV 2,00) and assume that there is a nonnegative constant sy such that
b g
for all t > 0 and p, v € P(RY)

”|b(t> B ,U') B b(ta ) V)MPO

”|b<t7 Y :u)mpo +

05
I = vllvar h
where ||pt — V||ar := sup |u(A) — v(A)] is total variation.
AeB(R®)

(H?) There are functions b : R? x P(R?) — R%, w: R, — R, and H : R x P(RY) — R,
such that for all (T,¢,z, u) € R2 x R? x P(R?)

1

\T 000 = b )| < AT ), (6.2)

where lim w(t) = 0 and sup ||H (-, p)|lp, < k0. Here py and kg are as in (H}).
m

t—o00

126
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(H®) There are constants p > dV 2, x; > 1 and 3 € (0,1) such that for all z,y,¢& € R?,

ke < Jo(@)8] < malgl, IVell, < ki,

and
lo(x) — o) llas < rilz —yl°,

where || - ||gs is the Hilbert-Schmidt norm.

Remark 6.1. We Note that

_ 1 [T 1 [T _
[0l < [ M0, sl I [ b))
0 0
< o+ (T )l

provided conditions (H}) and (HZ) hold. Taking 7' — oo, we have

[16( 1)l < o-

Similarly, we have

6(-, 12) = b( )l < olle = ¥ lvar-
Thus, the function b satisfies the condition (H}) with the same constant g as well.

Then, it is expected that the averaging principle holds. That is, as the time scale € goes to
zero, the solution of the original equation (6.1) converges to that of the following averaged
equation on any finite time interval

AX; = b(Xy, ) dt + o(X,)dAW;, X = &, (6.3)

where p; := Z(X;) stands for the distribution of X;.

Under assumptions (H?) and (H}) (respectively Remark 6.1), for any initial value £ €
Fo, it is well-known that there is a unique strong solution to DDSDE (6.1) (respectively,
(6.3) ); see [117] and [45]. The main result in this chapter is the following strong and
weak convergence of the averaging principle for DDSDE and SDE with L? drift.

Theorem 6.2. Under (H}), (H?) and (H?), for any T > 0 and ¢ € (0,1), there is a
constant C', depending only on kg, k1,1, d, 3, po,p, L, such that for any ¢ > 0

. . 1_d h
sup 11 = pullear < C'inf (03730 4w (2) ) (6.4)

t€[0,T €

and

4
E < sup | XF — Xﬂ) < Cint ((w(h/s))2 + hl—%> . (6.5)
h>0

te(0,7)
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When the drift b is independent of the distribution, the convergence rate is independent
of po.

Theorem 6.3. Assume that
b(t,z,pu) = b(t,x).

Under (H}), (H?) and (H%), for any T >0, § > 0 and £ € (0,1), there is a constant C,
depending only on kg, k1,1, d, po, p, 6, £, such that for any ¢ > 0

) ¢
E | sup |XF— X,|* | < Cinf (w (ﬁ>) +h70
te[0,T) h>0 g

Remark 6.4. (i) Since we use the Zvonkin transformation using the parabolic equa-
tion, when b = b(t) = b(-, ;) depends on the time variable ¢, the time regularity
for solutions to this parabolic equation affects the convergence rate (see (6.23) and
Lemma 6.5 for more details). When b is independent of time, we can construct the
Zvonkin transformation using the elliptic equation. Hence, the convergence rates in
Theorems 6.2 and 6.3 are different.

(ii) Noting that || f]ly, < | fllee for all pg € (1, 00), these results are valid for py = oo, in

~

)
which case the rate of convergence in (6.5) is

ot (((1)) h)

for any ¢ > 0. In particular, we obtain the convergence rate £379 for a large number
. . 1,
of examples (see e.g. Example 6.8 below), which is faster than & in [54].

6.1 Outline

In this section, we give a brief outline of the proof to Theorem 6.2 and Theorem 6.3.
First, we note that since the drift of both the DDSDE and SDE in this paper is locally
LPo integrable, we cannot use the Gronwall lemma or the generalized Gronwall lemma
directly to prove the convergence of X to X as in [54, 92]. On the other hand, our
system (6.1) can be rewritten in the following slow-fast system:

dX7 = b(Yy, X7, p5) dt + o (X5)dW,
1

dYy = —dt.
€

Since the Kolmogorov operator of the fast process Y,® = g, t > 0, does not have a second
order elliptic part, we cannot use the technique based on the Poisson equation as in [88].
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To overcome these difficulties, we use Zvonkin’s transformation to remove the drift b and
employ the classical technique of time discretization.
More precisely, consider the following backward PDE for ¢ € [0, T] related to (6.3)

Ou + a;j0;0;u — Au+ B -Vu+B =0, u(T)=0,
where B(t,z) = b(x,ps), A = 0, is the dissipative term. Under (H°) and (H}), by
Lemma 2.8, for a sufficiently large number A, there is a solution u such that

1
Vult,2) <5, tel0,T],zeR"

Hence, if we define ®;(z) := = + u(t, z), then x — ®,(x) is a C! diffeomorphism of R
By It6’s formula (3.52), Y7 := &,(X;) and Y; := ®4(X;) solve the following new SDEs:

AYE =Nult, &7 (VE))dt + (07T (@71 (V7)) dW,
and

dY; = u(t, &1 (Vy))dt + (0" V) (@, (Y3))dWs,

*

where ¢* is the transpose of o and ®; ! is the inverse of x — ®,(z). Since these new
systems have differentiable diffusion coefficients and the drifts are Lipshitz continuous,
we can use the stochastic Gronwall inequality Lemma A.5.

The remaining part of the proof is about how to estimate the following crucial term

ts[tépT ‘/ °) = b(XZ, 1)) - V@ (Xj)dsm. (6.6)

In particular, we need to estimate

H:ut - /ﬁ“var (6‘7)

and

sup ‘ / S — B(XE, 1)) - VD, (X)ds 2] (6.8)

te[o T)

In Section 6.2, we will use (3.91) and classical method of time discretization in averaging
principle to estimate (6.8).

To estimate (6.7), we employ a method based on the Kolmogorov equation which is
also used in [87]. Then, again by time discretization, we estimate the difference (6.7) and
obtain (6.4) (see Section 6.3).

In the following, we will first show the crucial lemma estimating (6.8) in Section 6.2.
Then, we will show the weak convergence rate (6.4) and strong convergence rate (6.5) in
Section 6.3 and 6.4 respectively. Finally, some examples will be given in Section 6.5.
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6.2 Crucial lemma

In this section, we prove the following crucial lemma.

Lemma 6.5. Let T >0 and g : Ry x R? — R be a bounded function satisfying
¢i= sup_sup (lg(t, )] + |g(t, @) — gls 2)| /It = 5|) < o0 (6.9)
t#s€[0,T] z€Rd

for some a > 0. Assume (H?), (H}) and (H?) hold. Then for any § > 0, there is a
constant C' = C(Z, ko, 9, ¢,) such that for any € > 0,

_ 2
(sup ‘/ s, X5)( Xg,us)—b(Xi,ui))dé")
t€[0,T]

(6.10)
< Cinf (B0 + 1% + (w(h/e))?) .

h>0

Proof. For simplicity, we drop the superscript  from X*© and p°. Set b(¢) := b(t/¢) and
X.:= (X.,n.). For any f = f(t,z, ) and h > 0, define Ff(t) = f(s,X,) — f(s ,th(s)).
Then, for any h € (0,1), the left hand side of (6.10) is dominated by

t 2
E [ sup ‘/ F,‘;’bs(s)ds‘ +E| sup ‘/ ng ds
tel0,7] ' Jo te[0,7)

( sup ‘ / S Xfrh <S7)A(:7Th(3)) - B()zﬂh s)))d‘s’ ) = jlah + fQEJL + f?)a’h'

t€[0,T]

By (H}) and (3.91), for any & > 0, we have 7" + 72" < ||g||2 k2R1 0.
For 75" we note that by (6. 9) and (3.77) with py > (d/2) V 1,
2)

+E<sup / 5 = 7 ()12 (1B 5, Ko+ 0Ky >>\2)ds> < S5t

0,77

jSahS]E(sup \ / 91 (), Xy () (=8, Xy () — D( X, ()l

tel0,T

~ _ o~ 2
where j36£h =K (Supte[O,T] ’ fot g(ﬂ-h(s)a Xﬂ'h(s))(ba(sa XmL(S)) - b(XmL(S)))dS‘ ) :

It suffices to show 75" < h+(w (h/e))?. Set Bl(s) := b.(s, )Zﬂh(s)) B()?,rh (s)). Indeed,
letting M (t) = [t/h] and noting that m,(s) = s for s € [0, h), we have

t 2 2
fgal,h <E ( sup ‘/ g(s,XS)Bg(s)ds’ ) +E ( sup ‘/ (S))Bf(s)ds‘ )
te[0,h) te[h,T]

2
( sup ‘ / (s))Bf(s)ds’ ) = f;i}f + f?ffg + ﬂ:sgilg-

telh,T]
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It follows from Hélder’s inequality and (3.77) that

2

T
S S5 ShlglLE [/ b.(s, X)P + B(X)] ds}

i=1

T
T RgILE { / bo(5, Koy o)+ 6K s>>|2ds}
Shllgll%. ko

Thus, we only need to prove Zsih < (w (h/e) )2. By the definition of 7y, it is easy to see
that

\ m—1 (k+1)h " o 9
j3€1’3 < E( sup ‘ E g(k‘h, th) / (ba(S, th) — b(th))dS‘ >
2<m<M(T) ' 5 kh

Based on the fact that | Y ;" ak|2 < (m—1) 377 |ax|?, one sees that

, M(T)— (k+1)h _ o 9
fggig < Z } / (S, th) — b(th))dS
k=

By a change of variables and (6.2), we have

X M(T)-1 (k+1)h/e B o 2
I3 S M(T) Z E 5/ (b(s, Xpn) — b(Xn))ds
k=1 kh/e’;‘
M(T)-1

w(h/e))? Z E|H (X))

We note that
M(T)—1

. M(T)h . T .
h Y ElHXw)=E / |H(Xy () 2ds < E / |H (X, 0)|%ds.

k=1

Again by (3.77), we have 75 < (w(h/e))? sup,, [|H (-, 1)||%, and complete the proof. [

6.3 Weak convergence

In this section, under (H?), (H}) and (H}), we will derive the convergence rate of || —
ft|lvar- Recall that on the probability space (2,.7, P, (F)s=0) we have a unique strong
solution (X7, X) to the following systems

AXE = b(t/e, X5, p5)dt + o(XE)dW,, X =¢, (6.11)
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and
dXt = B(Xt, ,Ut)dt + O'(Xt)th, XO = 5, (612)

where p; and p; are the distributions of X7 and X; respectively. For simplicity, in the
sequel, let

bo(t) :==b(t/e) (¢ >0), and by :=Db.

For any € RY and ¢t > s > 0, let (YS,(2), Y, (2)) be the unique strong solution to the
following SDEs

dY 5 (x) = b, Y5, (), ) dt + o (Yo (2))dWe, - Y () = @

)+ st

and
AV, (x) = b(Yse(@), p)dt + o (Vs (2)dW,, Y, o(x) = 2.

Set Y (z) := Yg, () and Yi(x) := Yy, (z) for all t > 0 and 2 € R%. Let P*¢ and P” denote
the distributions of Y?(z) and Y.(z) in C([0,T];RY) respectively. Based on the strong
uniqueness of the above SDEs, we have

/P“ Po¢ '(dr) =Po (X?)™' and /Px Po¢ '(dr) =Po(X) ' (6.13)
R4 Rd

Therefore, the estimates in Section 3.2.2 hold for X¢ and X, where the constants are
independent of ¢, since

sup sup (-l < oo
€20 peP(R4)

Moreover, for any ¢ € Ry and ¢ € C}°, consider the following Kolmogorov backward
equation

Osu’ + a;;0;0;u’ + bo(+, pis) - Vu' =0, (6.14)
with final condition
u'(t) = .
By Proposition 2.10 and 3.27, there exists a unique solution u' to (6.14), which is given

by
u'(s,x) = Ep(Ysy(2)).

Define u(s,x) = u'(t — s, ). Then @ is the solution to

Ostt = ;0,050 + bo (-, pu—s) - Vi, U = .
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By Lemma 3.34, we have
_1
[Vur(s)]loo S (t—5)"2 ¢l (6.15)
and
14 q4.d
V! (s1) — V' (s9)[loo S [51 = 82|27 20 (51 A 82) 20 || 0. (6.16)

Then, for any ¢ € [0,7], by applying the generalized It6 formula (3.52) to u'(s, Y(x)),
one sees that

Ep (Y, (x)) — u/(0,2) = E / (8-, Y2 (), 15) = 007 (2), 1) ) - V! (s, Y ().
(6.17)

Noting that u!(0,2) = Ep(Y;(x)), by (6.13), we have

(X))~ Bol(X0)| = | [ | (Bo(¥; (@) =~ B(¥ia))) P o€ (o)

< sup

x

B[ (el Y5 0 ) = W05 0. 0)) - Vs,V )]
(6.18)

Here is the main result of this section:

Theorem 6.6. Under the conditions (H?) and (H})-(H2), for any T > 0, there is a
constant C = C(kg, k1,d, T, po, 8) > 0 such that for alle > 0 and t € [0,T],

c . 14 h
195 — pllor < Cinf (25 4 (—) ). (6.19)

Proof. For simplicity, in the whole proof, we assume ||¢||.c = 1 and drop the superscript
t from u!. First, let

5= [B [ (b Y010 o) 1)) - T, Vi)l

and

?

t
&= e / (05 Vi (), 15, 00) = (Y 0y (), 15, ) ) - Vu(ma(s), Y5, () ds
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where h € (0,1). For any map f: R, x R? x P(R?) — R% and h € (0, 1), define
Uin(h) = [E [ (- Vu) (s, YE@), 1) = (F - Vu)(s, Vi, (@), 15))ds|

Usa(f) = |E Y20 (@), 1) = (5,500 (), 15 0)] - Vuls, Y5, () ) s

S (f)=|E fs,Y,fh 7). 15y 0) - [Tl ﬂh(s)(ac))—Vu(ﬂh(s),th(s)(x))]>ds‘.

Then, we have

B <& + Z [Ufh +U? (bo)}

=1

# [ [ (w0700~ 7 0)o) - Vs, V2]

It follows from (6.15), (3.76) and (H,) that
t
B [ (3¥7 (). ) — (V@) 1)) - Vals, Yo(a)ds
0
t __d_ 1
S [ 579t s,
0

which implies that

t 4 )
B <&+ Z [ )+ U? (bo)} +/ 5720 (t — 8) 73 ||iE — g |luards. (6.20)
0

Now, we divide the rest of the proof into two steps. In Step 1, we estimate Uifh(bs) +
Uin(bo), i = 1,2,3, one by one; In Step 2, we calculate &; under the assumption (H?).

(Step 1) We only estimate U7, (b.), for U, (by) we can proceed in the same way. First,
we estimate U7, (b:). By (3.85) and (6.15), we have

b = | [ (P 0T 1) 0) = P T, )

S [ [ o)) A ma(s) UG- s ) s
< he / (m()) "~ (mu(5))" 3 (¢ — 5)bds,
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where o = 1/2 — d/(2po). Noting that 7,(s) = s for s < h, m,(s) < s for all s € [0, 7]
and 1 —a —d/(2py) — 1/2 = 0, one sees that
d

U (b)) < b2,

For U3, (b.), by (3.76), (6.15) and (Hj), we have

! _d 1
006 5 [ (o)) ot — 5) s,
0

It follows from (3.86) that

N[
~—~
3
=
~—~
»
~—
~—
|
N[
>
—_
>
N|=
]
T
[=}
—~
3
=
—~
»
~—
~—
|
[SIE
+
™
]
=]

[ Mfrh(s)Hfuar Slh
which implies that

; ' 1 1 1 d
506 S 1T [ (ma(9) bt = (o)) Hds S 1A
0

Finally, in view of (3.76) and (6.16), because py < 0o, we have

t

€ 33y —aa —145L 1_d
Usp(b) S 05 [ (ma(s) 0 (¢ — ma(s)) " ods S hA
0
and obtain that
& - 1 d
> (Ug(be) + Uy (b)) S b2~ (6.21)
i=1

(Step 2) Let M := [t/h]. Without loss of generality we may assume that M =t/h € N
and note that

i <[E [ (06720000 - 0 ,1) - Vs, V)|

M-1 (k+1)h

T ’ Z ]E/kh (bE(S7Yk€h(x>7/~Lih) - bU(YkEh(x)muzh)> - Vu(kh, Yy, (x))ds
k=1

2251 + 52.

From (3.76) and (6.15),

h
& S / 3_%(15 - s)’%ds S h? o,
0
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By (6.15) and a change of variables, one sees that

M-1 (k+1)h
e 5 Stk HE [ (bl Vie)osia) — Bl (o). )
k=1
M-1 ) (k+1)h/e B
(t —kh) 2 |eE /kh/ <b(s, Yion (%), tgp) — b(YkEh(x)Mih))ds‘-
k=1 €

Based on the assumptions (6.2) and (3.76), we have

1 h
ESh (t —kh) 2w <g) EH (Y, (%), )
k=1
M-1 h
ShY (- kn) (—) (k1) sup | )l
k=1

and obtain that

1__d h b4 1.
o) - Bolx)| S (1 w0 (1)) 4 [ 57— 97 H g - llnds
0

because of (6.18), (6.20) and (6.21). Finally, taking the supremum over all ¢ € Cp° with

|¢|lec = 1 and by Lemma A.4, we complete the proof.

6.4 Strong convergence

In this section, we consider the process (X<, W, X) on the probability space (€2, %, (

which satisfies the following system in R%:

t t
e+ [ WE X s+ [ o(xsaw,
0 0

and

¢+ [ B r)ds + | (X)W

where W is a standard d-dimensitional Brownian Motion, u; and p; are the distributions
of X§ and X, respectively and (b, b, o) satisfies the conditions (H})-(H?) and (H?) . We

set

XY:= X, b.(t):=b(t/e), and by :=b.
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Proof of Theoerm 6.2. Set
B(t,x) := bo(x, 1)
and consider the following backward parabolic PDE
ou+ a;;0;,0;u —Au+ B -Vu+B =0, te[0,T], u(T)=0.

Since || Bllgso () < sup I16(:, 12) ||y < 00, by Lemma 2.8, for A large enough there is a unique
o

solution u in the sense of Definition 2.6 satisfying

N —

[VullLe <
and for any 2/q + d/py < 1,
192l ) < C.

which implies that for any A > 0

T
sup E exp ()\/ |V2u(t,Xf)|2dt) < 00, (6.22)
0

20
where X := X because of (3.78). Moreover, by (3.93), for all s,t € [0, 7],
|Vu(t) — Vu(s)||oo S |t — s|H/24/r0), (6.23)

Define
Py () =2 + u(t, z)

and
}/;E = (I)t<Xt€>7 }/t = q)t(Xt>

Then ®; is a C'-diffeomorphism (see Remark 3.33) for any ¢ € [0, 7] with
[Vl + [[VE L < 4. (6.24)
By the generalized It6 formula (3.52), we have
dY, = Au(t, X;)dt + (0" V&) (X,)dW,
and

dY7 = Au(t, X7)dt + (b=(t, X7, 15) — bo(X7, pe)) - VO,(X7)dt + (0" VD, (X7))dW,
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where o* is the transpose of 0. It follows from (6.24) that for any ¢ € [0, 77,

t
X7 XS IVE - VP SAIValy [ X
0

2

+ [ /0 (0" V) (XT) - (U*V<I>S)(Xs))dws]
+ / (b-(s, X2, 45) — (X2 1)) - 9, (X3)ds|
Set
A= /Ot (M(V2u)(s, X,) + M(V2u) (s, X5) + [ Vullnse)” ds
" / (M(Vo)(X) + M(VO)(X) + [lo]oc)*ds
and
‘/ (5, X5, 115) = bo( X, 1)) -V<I>S(X§)ds’2.

Then, by (2.16), (6.22) and (H?), we have

sup Eexp(A7) < oo. (6.25)
We note that by (2.15)
t 2
[ (v - e vaaw]
0
t
g / ’Xf - Xs|2dAZ + Mtsa
0
where M*® is a martingale. Altogether, we have
t t
X - X,* < / | X — X,|*ds + / | X — X |*dAS + M; + .
0 0

Hence, by (6.25) and the stochastic Gronwall inequality Lemma A.5, one sees that for
any ¢ € (0,1),

¢
E( sup |X;7 — X;*) < (E[ sup nf])".
te[0,T] t€[0,T7]
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Combining (6.23), (6.24) and (6.10), we have

T 2 h
E[ sup n;] ,SE/ ‘bo(Xf, 1) — bo(X:, us)| ds + inf (hlf‘s YRR w <—) ) (6.26)
0 h>0 €

t€[0,T]

Taking 6 < d/py in (6.26), from (3.77) and (6.19), for any 2/q + d/py < 1, one sees that

E[ sup ] S

T 2/q 14 M\’
S — usl|?,,d inf (h™ » -
s o 5 ([ s — ltads) ot (75 4 (0 (2)))
. 1—-2 h 2
< inf <h o+ (w(— )
h>0 €

and this completes the proof.

In the rest of this section, we assume that

be(twraﬂ) = be(t7x)a bO(xnu) = bO(x)

and prove Theorem 6.3. The method is the same as the one of Theorem 6.2, except
for using the elliptic equation to construct the Zvonkin’s transformation instead of the
parabolic.

Proof of Theorem 6.3. Consider the following elliptic PDE
aijaﬁju — \u+ bo -Vu + bo =0. (627)

Noting that [|bo|lgeo ) < (1Bl (g, .70y and by (2.24) for A large enough, we have

—_

V oog_
[Vl < 5

and
IV%ullpy < Cllbollzr, Voo >d

It follows by (3.78) that for any A > 0
T
sup E exp <)\/ |V2u(Xf)|2dt) < 00. (6.28)
=0 0

Define
O(z) =z + u(z)
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and
Vi = B(X5), Vi = B(X)).

Then @ is a C'-diffeomorphism. Again by the generalized It6 formula (3.52), we have
dY; = Mu(Xy)dt + (0" V) (X,)dWV,
and
dY7 = Mu(X7)dt + (b:(t, X]) — bo(X7)) - VO(X[)dt + (V) (X])dW.
Then, we have
t
X7 XS [ IXE - XPAE 4 M o

0

where (MF);>o is a martingale,

AT =t + /o (M(Vzu)(Xs) + M(V2u)(XE) + ||cr||oo)2 ds

+ /0 (M(Vo)(X,) + M(Vo)(XE) + [[Vulw)® ds

and

2

nfz‘/ﬂ (b(s/e, X2) = b(XZ)) - VO(XZ)ds| .

Then, in view of (2.16) and (6.28), we have

sup E exp(A%) < oo,

which implies that for any ¢ € (0, 1),

E( sup X - X*) < (B sup )’
te[0,T] t€[0,T7]

because of the Lemma A.5 and we complete the proof by (6.10) with o = 1. ]

6.5 Examples

Example 6.7. Consider the following DDSDE in R¢

X; -
d)(tE = ([(1 —+ t/g)_al -+ 1:| o ﬁuf(dy)) dt + dW,
t

=:0(t/e, X;, pi)dt + AW,
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where a1 >0, 1 <ag <2A (1 + g) and gy is the distribution of Xj. It is clear that the
averaged equation is

Xi—vy
dX, = —7 u(d dt + dW,
¢ </]Rd X, — y|a2ﬂt( y)> + dWy

= b(Xt, /,Lt)dt + th,
where p; is the distribution of X, and
1 t+T B
‘_/ (b(S,Q?,IU)—b(.T,/L)) ds
T Je

for all (T,t,z, 1) € R? x R x P(RY), where

<wm-a) [ Jr =yl )

a |z —yl|*2

(t) = t=(@AD) - for ap € (0,1) U (1, 00)
) ttlogt for aq = 1.

Then we have for any § > 0

€ a-az)
sup [|p; — pie||par < Ce2F2a=es
t€[0,7

E( sup [X; — X
te(0,7)

for any 0 < ¢ < 1, where o = a3 A 1 for o € (0, 00).

and

3
da—2aag -5

< C€ 2+2a—ag

Next we give a more general example, where the function w(t) < ¢!, i.e. there exists
a constant C' such that C~ 11 < w(t) < Ct71

Example 6.8. Let pg € (dV 2,00). Consider the following DDSDE

axi = | [ r (sese). [ o0t nitan) vag] avawi 629)

where 1 is the time marginal law of X;, I : [—1,1] x R™ — R? is measurable and satisfies
for some constant Ly > 0

|F(t,0)| < Lp, |F(t,z) — F(t,y)| < Lplz —y| forall (t,z,y) € [~1,1] x R*™, (6.30)

v is some finite measure on R satisfying

v(d§)
/R\{O} I3 =

and ¢ : R? — R™ is measurable and satisfies

o ] S
Yy
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Set
b= [ F (sinten). [ otwmn(an ) viae)

and
— 1
b(z, ) :

+7 (0. st ) vio.

/O T F (sin . ¢(x,y)u(dy)) V(R {0})d7

We claim that

7 4L d
(b, b) satisfies conditions (H;) and (H}) with w(T) := ThE / v( 5)_
R\{0}

T €]

To prove this claim, we need the following lemma.
Lemma 6.9. Let

) = [ Blintcopw(ae).
and

b= (5 | Blm(err) @ (o) + BOW((0)

2

(6.31)

where B : [—1,1] — R? is measurable and v is a finite measure on R. Assume that there

18 a constant C'g > 0 such that
|B(u)| < Cp, Yue[-1,1].
Then, for any t,T € R,

t+T B
‘%/t (h(s)—h)ds‘ < 47TTCB /}R\{O}%.

Proof of Lemma 6.9. Tf f]R\{O} d8) — o, this is trivial. So, we assume that fR\{O}

€]
oo. First, one sees that

7 ’% / " (h(s) = B)ds

t
1 t+T

1 1 t+27

t+T
/R\{O} 7 /t B(sin(¢s))ds — 5= [ Blsin(r))dr |v(dg)

2w J,

Y

B(si dé)d L t+27rB i R\ {0})d
Blsnenwide)ds — o [ Bn()w(E) (0hds

V(o) _

§
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by Fubini’s theorem. From a change of variable, we have

(t+T)¢ 1 tror
/R\{o} T|§|/ Blsins)ds — 5 B(SinT)dT]V(df) :

where fab = — fba if a > b. Set

7 —

2 t42m
G := / B(sins)ds = / B(sins)ds, VteR.
0 ¢

Then, noting that s — sin s has a period 27, we have

(t+T)€ TE+tE
/ B(sins)ds = [T‘sl]GqL/ B(sin s)ds
¢

¢ 2 sgn(e)[ L |2rt e
T
[ o }G + H(¢)

where sgn(§) := £/|¢|, which implies that

/ . (e + mee) - %G]umoj

</1R\{o}‘T’§\ [TK'] 2177‘ (dg)G_i_/R\{O} Tflf\ () (de)

j:

We note that

2’/T‘ T]§|‘

[T!ﬂ] 1 [Tlf\}_Tlfl <L

‘Tyg\ 2r | = T¢

and
27
G\/Ht(g)gf |B(sin s)|ds < 2nCp.
0

Therefore, we have

7 < 47Cp / v(d§)
T Jryo

and complete the proof.

Now we can give the
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Proof of (6.31). Since (H}) holds for b obviously, it suffice to show that (H?) holds. We

note that in Example 6.8

because of (6.30), which implies that

Fo, [ o)) < Le1+ [ Jowlntan),

Hence, by Lemma 6.9, we see that

‘% /tHT (b(s, 2, 1) = b(x, p))ds

T

ArL d
<= F/ a G)H(fv,u),
E\{0}

where H(z, 1) =1+ [pa |6(z,y)|p(dy). Tt is easy to see that

sup [[H (-, )llpo < [[1]oo + /Rd o€ ) llpore(dy) <1+ sup o€, 4) -
1% Y

This completes the proof.



Chapter 7

Euler-Maruyama scheme for
McKean-Vlasov SDEs of
Nemytskii-type with bounded drifts

In this chapter, we consider the following distributional-density dependent SDE (dDSDE):

dX, = b(t, X;, p(X))dt + V2AW,,  Xo 2 g, (7.1)

where p, is the distributional density of X, respect to Lebesgue measure, b : R, x RY x
R, — R? is bounded measurable, v is a probability measure over R? and {W;};>¢ is a
standard d-dimensional Brownian motion on the probability space (€2,.%,P). As said in
the introduction, by Ito’s formula, one sees that p; solves the following nonlinear Fokker-
Planck equation (FPE) in the distributional sense:

Owpr — Apy + div(b(t, -, p)pi) =0, 1ti¢%1 pr = vy weakly. (7.2)

More precisely, for any ¢ € C5°(R?),

t

(01 0) = (0, 0) + / (9o Apds + / (9o, b(s, 1 ps) - Vighds, (7.3)

where (pg, @) = [pa(@)p(z)dz = Ep(X;). Let us first recall the definition of a weak
solution to dDSDE (7.1):

Definition 7.1. Let vy be a probability measure on R%. We call a filtered probability space
(Q, 7, P; (F)i=0) together with a pair of processes (X, W) defined on it a weak solution
of SDE (7.1) with initial distribution vy, if

(i) Po Xy' =wy, W is a d-dimensional F,-Brownian motion.

145
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(ii) for eacht >0, P o X; *(dz)/dx = pi(x) and
¢
X=X+ [ W, Xeop (X)ds + VEWS, P
0

We also consider the following Euler scheme to dDSDE (7.1): Let 7> 0 and h € (0, 1).
For t € [0, h], we define
Xth = XO + \/EWt,
and for t € [kh, (k + 1)h] with k = 1,2, .., [£],

t

X = Xl + / (s, X, ol (X15))dls + V(W — W), (7.4)
kh

where p}, is the distributional density of X}, whose existence is obviously seen from the
construction of X} . Here is the main result in this chapter.

Theorem 7.2. Assume that b is bounded measurable and for any t > 0,
lim |b(t,z,u) — b(t, z,up)| = 0. (7.5)
u—uQ

(Existence) For any T' > 0 and initial distribution vy, there are a subsequence hy, with

limy 00 b = 0 and a weak solution (X, W) to dDSDE (7.1) in the sense of Definition 7.1
so that for any bounded measurable f and t € (0,71,

lim Ef(X;*) = Ef(X,).
k—o0
Moreover, for each t € (0,T], X; admits a density p, satisfying the estimate

r—yQ
pe(y) < Ct‘d/z/ e St yp(dz), y € RY,

Ra

where C; )\ = 1 only depend on T, d, ||b]|s, and the following L'-convergence holds:

lim / )~ o)y =0, (7.6)

k—o0
(Uniqueness and convergence rate) Suppose that vy(dz) = po(z)dx with py € (L' N
L) (R?) for some q € (d, ], and there is a k > 0 such that for all t,x,u, v/,
|b(t, z,u) — b(t, x,u')| < klu —u'|. (7.7)
Then weak and strong uniqueness hold for dDSDE (7.1). Moreover, if ¢ > 2, for any
T > 0, there is a constant C = C(d, T, K, ||b||) such that for allt € [0,T] and h € (0,1),
lpe = Pl < Chz. (7.8)

Remark 7.3. It should be noted that this part is based on the results of [44]. Therein, the
condition is stronger than (7.5), and we didn’t obtain the convergence rate (7.8), which is

new in this thesis. Moreover, the related results are improved to a-stable processes cases
in [48].



CHAPTER 7. EULER-MARUYAMA APPROXIMATION 147

7.1 Euler-Maruyama scheme for SDEs with bounded
drift

In this section we show heat kernel estimates and weak convergence rate for Euler’s
scheme of SDEs with bounded drift. First of all, we recall some basic properties about
the Gaussian heat kernel. Recall

d |z

g(t,z) = gi(x) = (4mt)"2e” 3, t > 0,2 € RY, (7.9)
which is the fundamental solution of A, i.e.,
atg(ta .%') = Ag(ta .’17)

Moreover, we have the following Chapman-Kolmogorov equations:

(g(t) * g(s))(x) := /Rd g(t,x — 2)g(s,z)dz = g(t + s,x), t,s >0, (7.10)

and the following easy facts,

glt,a+y) < 28g(2t, 2)et, | Vgl(t,2) < (2, 2). (7.11)

The following lemma is straightforward and elementary. For the readers’ convenience,
we provide a detail proof.

Lemma 7.4. For any T > 0, § € (0,1) and j = 0,1, there is a constant C =
C(T, B, j,d) > 0 such that for any 0 <t < T and x,, 25 € RY,

Vg(t,21) — Vig(t, )| < Clay — alt7 277 Y g(4t, ay), (7.12)

i=1,2

and for any 0 < t; <ty <T and v € RY,

[V g(t,x) — Vg(ts, )| < C|t2—t1\22t w 9(2t;, ). (7.13)

1=1,2

Proof. (i) By definition (7.9), it is easy to see that for k = 1,2,3, there is a constant
C > 0 only depending on k, d such that

102
IVEg(t, )| < Cldnt)~3tse s = 025t 5¢(2t, ). (7.14)
Thus, for j = 0,1 and 3 € (0, 1), if |z; — 23| > V/%, then

IVig(t, 1) — VVg(t,ma)| St 2(g(2t,21) + g(2t, 22))
N 952’&157%7&(9(275, x1) + g(2t, x2));
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if |71 — 25| < V/t, then by the mean-value formula,
\V7g(t,z1) — Vg(t,zo)| < |21 — .7:2|/ VI g(t, 21 + O(xg — 11))|dO
0

, 1
< g — xﬂf% / g(2t,x1 + 0(xy — x1))dO
0
< g — :E2|t_%g(4t,m1) <y — @o| Pt P g4t xy).

Combining the above calculations, we get (7.12).
(ii) If ty — t; < ty, then by the mean-value formula,

1
|V g(t, x) — Vg(ty, z)| < |t — tz\/ V7 0g|(ty + O(ty — t1), 2)d0
0

1
= ‘tl - ng’ / |VjAg|(t1 + 0(152 - tl),az)de
<|t1—t2|/ 20t 0t = 1)), 0) 4

t1 Oty — tl))lﬂ/?

g _B

St —tolt, (2752, ) S |t — t2] 2ty * g(2ts, @);
if to — 11 > 14, then to < 2<t2 — tl) and

. . _i _i

(V7 g(tr, @) = Vg(ta, 2)| Sty *g(2t1,0) + 1y 2 (22, @)
i+8 it8

Sl —tal? (677 gt m) +1,F g(20,)).

The proof is complete. O

Let b: R, x RY — R? be a bound measurable function. Fix 7> 0 and 2 € R¢. For
any h € (0,1), let X = X}'(z) be defined by the following Euler scheme:

t
Xh =2+ / b(s, X2 )ds+V2W,, t€[0,T], (7.15)
0

where 7y,(s) := kh for s € [kh, (k+ 1)h). We have the following Duhamel formula.

Lemma 7.5. For each t € (0,T] and x € RY, X(z) admits a density pl(t,y) which
satisfies the following Duhamel formula:

t
0
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Proof. Fixt € (0,T] and f € C>*(R?). For s € [0,¢], let u(s,z) := g(t —s,-) * f(x). Since
(0s + A)u =0 and u(t,z) = f(x), by 1t6’s formula, we have

Ef(X") = Eu(t, X") = u(0,z) + /tIE [b(s, X! o) - Vs, Xg)] ds.
0

From this, we derive the desired Duhamel formula. O

Remark 7.6. For a general initial value X! = X, € .%; and each t € (0, 7], since for
each x € R, X!'(z) is independent of X, the Euler scheme X! defined by (7.15) with

initial value Xy also has a density p’}(O (t,y) given by

Pralton) = [ pt )P0 X (). (7.17)

The following Gaussian type estimate for p/*(t,y) was proved by Lemaire and Menozzi
[71]. Since it is not difficult, for the readers’ convenience, we provide a detailed proof
here.

Theorem 7.7. For any T > 0, there is a constant C' = C(d,T,||b||e) such that for all
h € (0,1),t€(0,T] and z,y € R4,

ph(t,y) < Cy(4t,z —y). (7.18)
Proof. Let € > 0 be small enough so that
0= 270 Je|b||2. eI < 1/2.

Fix T > 0. Without loss of generality, we assume

Th™' > ([blPT/(41og2) v (Te). (7.19)
For simplicity we shall write
M :=[e/h] € N.
Step 1: In this step we use induction to show that for all k =1,--- M A N,
ph(kh,y) < 2 g(4kh, x — y). (7.20)

First of all, for k = 1, since X' =z + W), + foh b(s,z)ds, by (7.11) and (7.19) we have

h
P (hy) = glhyy - / b(s, 2)ds — ) < 22N Ag(2h, & — )
0

< 2% MR Ag(4h, x — y) < 24 g(4h, x — y).
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Suppose now that (7.20) holds for j = 1,2,..,k — 1. By Duhamel’s formula (7.16), we
have

kh
(k) = g(kha =) = [ B[bs. X ) - Volkh = 5.y - X2)]as

kLo pG+DR
-y / E [b(s, Xh) - Vg(kh — s,y — Xg)] ds. (7.21)
j=0 Ik

Note that for s € (jh, (5 + 1)h),

XP=XB +V2W, =Wy + / b(r, X}, )dr.
jh

Since v2(W, — Wj;,) is independent of thh and has density g(s — jh,y), by the C-K
equations (7.10) we have

Fi(5) = E|b(s, X};) - Vg(kh — 5, X! — y)]

=E [b(s, X]}.‘h) -Vg(kh —s)*g(s — jh) (Xj’-lh + / b(r, X;‘h)dr - y)}
jih
—E [b(s, Xh) - Vg (k:h — jh, X] + / b(r, X")dr — y)]
jh

< bl [ 191k = o+ [ blr,2)dr = y)phiin
J

By (7.11) and induction hypothesis, we further have for s € (jh, (j + 1)h),

b2 mes [ '
Fi(s) < 22 2(kh — jh), b(r, 2)dr — y ) p(jh, z)d
(6) < g [, 9 (20— h) 2 4 [ b2 = y) (i 2)ds

_ 11B]| 0o 2% k—AIBIZ /4
h VEh = jh Rd
bl 92d+1 el|bl|%, /4 Zd&
< | HOO\/khie g(4kh,x —y) = \/%Q(ZUdI,I —v),
— s — s

where we have used kh < Mh < e. Substituting this into (7.21), we obtain

g(4(kh — jh),z —y) - 2" g(4jh, x — z)dz

(k) — o < ey [
Pa(kh,y) — g(kh,z —y)| < —=g(4kh,z — y —=—ds
\/E =0 jh vVkh —s
2dy kho
 g(4kh, x — s
4 D Vs

g(4kh, x — y)2Vkh < 2" g(4kh, x — y),

<
NG
240,

G
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which implies, since g(t,z) < 29¢g(4t,r) and 2/, < 1, that
ph(kh,y) < 2%(1 + 20)g(4kh, x — y) < 29" g(4kh, x — y).

Step 2: Next we assume M < T'/h and consider k = M +1---  2M. Note that

t+Mh

t
= X+ Weentn — Warn + / b(s + Mh, X:rlh(s)—i-Mh)dSa
0

where we have used that 7, (s + Mh) = m,(s) + Mh. In particular, if we let
then for ¢ € [0, Mh],

t
X[L:ijhJFWtJr/ b(s + Mh, X7 ,)ds.
0

(s

Let p"'(kh,y) be the density of X' with X} = z. By Step 1, we have
ﬁg(kh,y) < 2d+1g<41€h,]} - y)7 k= 17 T 7M'
Thus, for k=1,--- , M, by (7.17) we have

Pk + M0bg) = [ Y (i) (0Mh, 2)ds
R

< 44t / g(4kh, z — y)g(4Mh,z — z)dz
R4

= 4" g(4(k + M)h,x — y).

Repeating the above procedure [%] + 1-times, we obtain that for some C' > 0 independent
o p(kh,y) < Cg(kh,xz —vy), k=1,---,N.
Step 3: Note that for t € (kh, (k+ 1)h),
X} = X[+ W — W + /kZb(s,Xgh)ds,
where W; — Wy, is independent of X ,’jh. Hence,
t

pgcl(ta y) = / g(t - kh: zZ+ / b<37 Z>d5 - y)pg(kh, Z)dZ
R4 kh

< C’e(t_kh)bgoM/ g(4(t — kh),y — 2)g(4kh,z — z)dz

R4
< CellI/tg(at, 2 —y).

This completes the proof. n
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The following corollary is a combination of Theorem 7.7 and Lemma 7.4.
Corollary 7.8. Let vo(dy) =P o X, (dy) be the distribution of X,.
(i) For any T > 0, there is a constant C = C(d, T, ||b||s) such that for all h € (0,1),
t € (0,T) and y € R4
Phatn) <€ [ gltta — yu(ao) (722
R

(i) For anyT > 0 and 8 € [0,1], there is a constant C' = C(d, T, ||b||«, B) such that for
all h € (0,1), t € (0,T) and y1,y, € RY,

‘pxo(t Y1) — Pxo(t y2)| < Clyr — y2|6t 2 Z / (4t, x — y;)vo(da).

7=1,2
(iii) For any T > 0 and 5 € [0, 1], there is a constant C' = C(d, T, ||b||s, B) such that for
all h € (0,1), t1,ty € (0,T) and y € RY,

P, (t1, ) — P, (b2, )| < Clty — 17 ) tj_ﬁ/2/dg(4tj,:c — y)w(dz).

j=1,2 R

Proof. (i) is a direct consequence of (7.17) and Theorem 7.7. We only show (iii) since (ii)
is similar by (7.12). Suppose t; < t5. By (7.16), we have

P, (t1,y) — Py, (2, y / lg(t1, 2 —y) — g(ta, v — y)[vo(dw)
Flbll [ [ V00— 51— 2) = alts — s,y 2k, (s, azds
0 JR

to
+ HbHoo/ /d \Vg(ty — s,y — z)|p’}(0(s,z)dzds = 0L+ L+
t1 JR

For Iy, by (7.13), we have

_B
[1 < ‘tl —t2’2 Z t.? / Qtj,l' — y)l/g(dl')

7=1,2

For I, by (i), (7.13) and the C-K equations (7.10), we have

L5 [ [l -nlt =02 At -9 3 [ et =92 -)

7j=1,2

x/ g(4s,z — z)vy(dzr)dzds
Ra

< /Otl H\tl —tals™ ] A 1} —124s Z / (4t;, x — y)vp(dx).

7=1,2
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Noting that

/ [3_1 A 1] s712ds < oo,
0

we have

I < |ty — to|Y? Z / (4t;, z — y)rp(dex)

7j=1,2

provided by a change of variable. For I3, by (i), (7.13) and the C-K equations, we have

RS /tZ/Rd(tl —5)2g(4(h — 5),2 —y) /Rd g(4s, x — 2)wo(dw)dzds
/ /Rd ty— ) 2g(4ty, x — y)ro(de)ds < |t —t1|2/ g(4t1,z — y)vo(da).

R4

Combining the above calculations, we obtain the desired estimate. O]
In the sequel, we set
h h
P = Py, (1)
and give the following result for later use.

Lemma 7.9. There is a constant C = C(d) such that for any f1,V*fy € L®(R?) with
k=1,2, he (0,1) and s > h,

EAX ) (X~ B W) | < ChlAlle IV fllclblle + V2 fll) - (723
Proof. Since Wy — W, () is independent of X ffh(s), one sees that

I = Efl( 7}; ) (fz(Xg) - fQ(X:th(s)))

= [0 (e [ e ) = 5 o)l — 7). p)dody

Then we have

|75 <Hf1Hoo/W\f2(:v+/ b(r,z)dr +y) = fo(x +y) |, o ()9 (s — ma(s), y)ddy

n(s)
[ 5100 (£l ) = (o)) oD = 5, o
=9 + Ss.

_|_
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For .7}, it is easy to see that

AL [ ([ praldr) o o@ls = s sy

n(s)

<h||f1||oo!|Vf2||oo||b||oo/ P (@)9(s = ma(s), y)dady < bl filloo |V folloo1D]]oc-

R2d

For .#,, it follows from the symmetry of g(t,-) that

1
Sy ==

2‘ R2d

SUAIIT Rll [ Wl ()ats = m(s).g)dady
AN

fi(@) - (Lo + )+ Bl —y) = 2£() ) oh, ) (2)g(s = m(s), y)drdy

This completes the proof. n

7.2 Proof of the main result

Let (2, #,(Z)i=0, P) be a complete filtered probability space, W; a d-dimensional stan-
dard .%#;-Brownian motion, and X, an .%#;-measurable random variable with distribution
vp. Let T > 0 and h € (0,1). Let X! be the Euler approximation of dDSDE (7.1) con-
structed at the beginning of this chapter. From the construction (7.4), it is easy to see
that X[ solves the following SDE:

X=X+ / b (s, X} (o)ds + V2, (7.24)
0
where
(5, 2) = Lomb(s,2, 01, (o (@) (7.25)
and
m(s) =Y ihpnrum (5)- (7.26)
=0

The following lemma is easy by (7.24) and since |[0"]|sc < ||b]]oo-

Lemma 7.10. For any T > 0, there is a constant C' > 0 such that for all s,t € [0,T],

sup E| X — X' < Cls — %
N
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Let p”(t,y) be the distributional density of the Euler scheme X}(z) of SDE (7.24)
starting from z at time 0. Since for each z € R? X[(x) is independent of Xy, the
distributional density p'(y) of X! with initial distribution 4 is given by

) = [ P yn(ao) (7.27)

The following lemma is crucial for the existence of a solution to dDSDE (7.1).

Lemma 7.11. For fired T' > 0, there are a subsequence (hy)ren and a continuous function
p € C((0,T] x RY) such that for any M € N,

lim sup sup |pp*(y) — pe(y)| = 0. (7.28)
=0 |y|<M 1/M<tLT

Proof. First of all, by the upper-bound estimate (7.18) for p”(¢,y), we have

sup sup ) <C [ sup sup Jg(dtn — pllde) < O
ly|<M 1/M<tLT R4 ly|<M 1/M<t<T

where C'); is independent of h. Moreover, by Corollary 7.8, we have for any g < 1,
ti,ty € [1/M,T] and yy,yo € RY,

107 (1) = pi (y2) | < 101 (yn) = pit (y) | + 100 (yn) — ot ()

B
Sta=tlf Y [ oGt - 2)lnfd)
R

i=1,2
+ |y1 — yal” Z /d |9(4ta, y; — x)|vo(d)

i=127/R
< M_(dH*fB)/?(\tQ _ mg + g — yg\ﬁ), (7.29)

where the implicit constants in the above < are independent of h. Thus, by Ascolli-
Arzela’s theorem, we conclude the proof and have (7.28). [

Now we are in a position to give the

Proof of Theorem 7.2. (Existence) Fix T > 0. Let W be the space of all continuous
functions from [0, 7] to R% Let @ be the law of (X" W) in W x W. By Lemma 7.10
and Kolmogorov’s criterion, {Qp,} yen is tight. Therefore, by Prokhorov’s theorem, there
are a subsequence (hy)gen and a probability measure Q on W x W so that

Qn, — Q weakly.

Without loss of generality, we assume that the subsequence is the same as that in Lemma
7.11. Below, we still denote the above subsequence by h, = h for simplicity. Now, by
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Skorokhod’s representation theorem, there are probability space (fNZ, Lf?V,IAP/’) and random
variables (X" W") and (X, W) thereon such that

(X" W") = (X,W), P-as. (7.30)
and
Po (X" WH ™' =Qy=Po (X" W)™, Po(X,W)'=0Q. (7.31)

In particular, the distributional density of 3(\} is pf'. Moreover, by Lemma 7.11 and (7.30),
for any ¢t € (0,7) and ¢ € C°(R?),

Ep(X,) = lim Ep(X}) = lim [ o(y)pl(y)dy = /]R ds@(y)pt(y)dy-

N—oo N—oo R4

In other words, p; is the density of X,. Define Lézj‘ = og(X", Wh: s < t). We note that
PW, — W, € -|Z,] = P{W, — W, € -},
hence, o s o
PWy — W € |Z)] =P{W;' = W] € -},
which means that W}/ is an ézvth—BM. Thus, by (7.24) and (7.31) we have
X=X+ / b (s, XP ,))ds + V2 (7.32)
0

Let us now show that

t
/ S>hb(s th(s) pwh(s)(X h(s) ds —>/ s XS,pS(XS)>ds, (7.33)
0

in probability as h — 0.
We note that by (7.18), the dominated convergence theorem, (7.5), (7.28) and (7.29),

t
hmE/ |1s>hb(37X7’: (s)?p?rh(s)(X:th(s))) - b(s,Xﬁh(s>7ps(Xﬁh(s>))|ds

h—0

= }lllm [Lssnb(s, @ ﬂwh( )( ) — b(s,x,ps(x))|pﬁh(s>(x)dxds
—0 R4

/ / lim |1,54b(s, z, p (@) — b(s,x,ps(:p))|/ g(4t,y — x)vy(dy)dads = 0.
Rd h—0 h Rd

For proving (7.33), it remains to show

limE/ [b(s, X2 (), ps(XE (1)) = b(s, X, ps(X,))|ds = 0.

h—0
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Let K. be a family of mollifiers in R?. Define

B.(t,x) =b(t,-, pi(+)) * K ().
Clearly, for fixed € > 0, by (7.30) we have

hmE/ | B (s, Xh — B.(s, X,)|ds = 0.
h—0

Below for notational convenience, we write X° := X, and m(s) := s. For h € [0,1), we
have

/ IBo(5, X% ) — b(s, X1 . pu(XD L )|ds

< E/ 1|Xh (o|<R
h Thi®
+ 2|]bHOO/h P(;Xglh(s)\ > R)ds =: I(e) + Jp.

For I%(e), by (7.27), (7.18) and Hélder’s inequality with p > 2d and ¢ = £, we have
t
— [ 1Busi) = b5, a0k o )
h JBg
t
S [ ] 1B = b))l [ gtami(s).z = p(dodyds
h JBg RY
: :
<[ ([ s = ssmptray
h \JBg
;N
X (/ / g(4my(s), z — y)vo(dx) dy) ds
Bg |/ra

</ t (f B - b(s,y,ps<y>>|pdy)’l’ m(s)"bds
< ( / t (/ B - b))y % ds> (/ t wh(s)-ifids)é
< ( / t ( / IBigsn) - b<s7y,ps<y>>pdy)5ds>é ( / t d) ,

where the implicit constant in the above < is independent of h, R and . Hence, for each
R > 0, by the dominated convergence theorem, we obtain

B (S Xﬂh(s)) b(S X

mh(s)1 P

(X:h(s)) ds

N

lim sup It(e) =0.
=0 peo,1)]
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For J&, by Chebyshev’s inequality and (7.24) and since ||b"||o < ||b]|o0, We have

J£=2||b||oo/ P(X" | > R)ds
t
< 2/lblle / P(Xo| + 8l[blloe + VWi, (o] > R)ds

< 20ble( [ POl + sl > B2+ [ 20

which converges to zero uniformly in h, as R — oo. Combining the above calculations,
we obtain

ds) ,

lim sup E/ | B(s Xﬂh(s —b(s, Xﬂh(s) ps( XN i (s))]ds = 0.

£=0hefo,1))
Thus, (7.33) is proven and the existence of a solution to dDSDE (7.1) is obtained.

(Uniqueness) Let X; and X; be two solutions of dDSDE (7.1) defined on the same
probability space and with the same initial value Xy, where X has the distributional
density py € LY(R?) with ¢ € (d, 00]. Let p;(y) and p(y) be the distributional density of
X, and X, respectively. Clearly, these are two solutions of the nonlinear Fokker-Planck
equation (7.2) with the same initial value py. Consider the following linearized SDE:

dX, = B(t, X;)dt + V2dW,, X, =z,

where B(t,z) := b(t,z, pi(x)). It is well known that X;(x) admits a density p,(t,y) with
Gaussian type estimate: For some A\, C' > 0, it holds that for all ¢ € (0,7] and z,y € R?,

Pa(t,y) < Cg(M, z —y).
Note that by (7.18) and Holder’s inequality,

o =1 [ pttIonta)daly < ol (7.39)
and
p0) = [ palt (@) S [ a0tz = pm(e)ds
< g, Marta-v ool S £/ ol (7.35)
Let

Ft = pt — Pt, Bt = b(ta "y )Ot)pt - b(t7 ) ﬁt)ﬁt'
Then, by (7.7) one sees that

1Belly < slITellqlloelloo + Nblloc|Tellg S =D |Te]l. (7.36)
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Based on Duhamel’s formula, we have

t t
[y = / g(t — s) * (divBy)ds = / Vg(t — s) % Bsds.
0 0

In view of (7.14) and (7.36),

t
T, < / IVg(t — )1 ]1Bsll,ds
t
< / (t — 5)" 125 U@L | ds.
0

We note that 1/2+d/(2¢q) < 1. Thus by Lemma A.4, we get I'; = 0 which implies p; = py.
Now the pathwise uniqueness of SDE (7.1) follows by the well-known pathwise uniqueness
for SDE (7.1) with bounded measurable drift b(t, x, p,(z)) (cf. [101]).

(Convergence rate) Assume that ¢ > h in the following and recall

b (s, x) = 1{s>h}b<37 Pl (o) (@)

To unify the notation, we set 1°(s,z) := b(s,z, ps(s)). For any ¢ € Cg° and ¢ € [0,T],
consider the following backward heat equation

Osu’ + %Aut =0, u(t)=¢, se(0,1).
Then by Lemma 7.5, we know that u’(s) = g(t — s) * ¢ and by 7.14, for any k € Ny,
VR (5) oo S (8= 5) 72| |oo- (7.37)
By Ito’s formula to u'(s, X,) and u®(s, X"), we have
Eo(X;) = Eu(0, Xy) + E/t V0 (s, X,) - Vu'(s, X,)ds
0
and
Ep(X]") = Eu(0, Xo) + E/t b" (s, X7 (o) - V' (s, X[')ds
0

¢
=Ep(X;) + E/ b (s, Xﬁh(s)) - Vu'l(s, XM)ds
0

t
- E/ (s, X,) - Vu'(s, X,)ds,
0
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which implies that

Ep(X}) - Eo(X))

< ‘E/ ((b0 V) (s, XM — (0° - Vut)(s,Xs))) ds

0

t
B [ (blo XKD — (5, X)) - V(s X2
0

+ E/Ot (b(s,xjgh() X ) = (s, Xh,pg<xg)>) - Vul(s, X")ds

+ ]E/ (bh(s XTl'h(S)> b(S X n(s)? ps(Xh( ))) Vu (S Xh)d
0
::eﬂl + fg + f?, + f4.

Based on (7.37), one sees that

t
AL [ 1k = pll 9 T (5) s
0

t t
< ol 1Bl / (t— )2 / 10" = pullds.
0 0

For %, by (7.7), (7.37) and (7.35) we have

//| — ps) ()| V' (s, 2) | p () dzds

< llolloo / (£ — 5) 26~ 4CD | b |1, ds.

For %5, we set n*(t,z) := b(t, x, p}(x)) and note that

t
7 < \E / (7" - V) (s, X2 ) — (- V) (s, XP)) ds
0

+|E/O " (s, X0 o) - (Vul(s, XI') — V' (s, X} () ds

=: J31 + I3.

Then,

I3 =

i - Vu')(s, ) <p};h(s) (x) — p?(m))dxds )

Rd
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In light of Corollary 7.8-(iii), one sees that for any p € [1,¢] and 0 < s <t < T

ok = ptllp S 1t = s~ 2 (lg(4s) 11 + lg(t) 1) llpolly S 18— sl poll,.  (7.38)
Thus, by (7.37), we have

S [ Vel i~ s
S Mllelille [ (6 =572 = ma(s) (o))
Sl [ (= 52— 1) s S gl
For 35, by (7.23) and (7.37), we }}llave

t t—h
SIS HbHoo/ HWt(S)HLwdSJthbHoo/O (V26" () oo 1bllow + [ V*0(5) ) dis

t—h

t t—h
< gl ( / (- s |- s>-3/2ds) < W2
t— 0

For .#;, we note that

h
= |E /0 b(s, X™ o (XD ) - Tui(s, XP)ds

b(s,x,pgh(s)(x)) - b(S,.T,pZ(.T))) ¢ (S (L’),Owh ( )dIdS

Rd

h
Sltllell [ (6= 97

el / / 9V (@) — (@), o (2)dads,

since (7.37) and (7.7). By Holder’s inequality and ¢ > 2, it follows from (7.38) and (7.34)
that

t
IS h2 ol + ||<p|!oo/h (t = 5)"2(s — mu(s))"*(ma(5))"/2ds] oo lpll ol
S P elloo,

where p =¢q/(¢—1) < ¢
In summary, by taking supermum of ¢ we have

t
ot =Pl < / (£ — 5)" 25~ 4D|| 5, — ol uds + h/2.
0

By Lemma A.4, we complete the proof.



Appendix A

A.1 Technical lemmas

Lemma A.1. [73, Lemma 3.4] Let (E, || - ||) be a normed vector space, T,m € [0, 1] with
T>nand X : (0,1] = E be a function satisfying

| X — X S Cs7"(t—s)", VO<s<t<1
for some constant C'. Then,
1X: — Xs|| SCA—-2T7") (t—s)"", V0o<s<t<l.

Lemma A.2. Let « € (0,1] and 8 > 0.

1
B(a, p) == /0 sP711 — 5)*7lds < é(ﬁ_l +57%).

Proof. When g < 1,

1/2 1
B(a, p) < (1/2)“‘1/0 s 1ds + (1/2)6_1/1 (1—s5)*"'ds

When 3 > 1, one sees that 37! < 1 and

0 1

Bl_a ﬁ_l
5

This completes the proof. O

1-8-1 1
B(a,B) < sP71ds + / (1—s)*"'ds
7ﬁ—1

2
< <=0
«

162
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Lemma A.3. Let 5 > 1 > a > 0. There is a constant C = C(«a, B) such that for all
t,r >0,

t
/ (t+r—s)Psds < Or'=Pt=.
0
Proof. When r > t/2, one sees that
t t
S = / (t4r—s)Psds <177 / s7ds Sttt Sttt
0 0

We only consider the case r < t/2 in the following. We first make a decomposition

/2 t—r t
fz(/ +/ +/ )(t%—r—s)‘@s‘“ds
0 t/2 t—r

=. j1 + jQ + jg.
For .#;, one sees that
t/2
IS (/2 + r)_ﬂ/ s s < ¢AtIme < pl=fyme
0
For .%,, we have

t—r t—r
BLIN t_a/ (t+7r—s)Pds < t‘o‘/ (t—s)Pds <t o' P,
t/2 t/2

Finialy, for .5, we have

t ¢
I3 < t_a/ (t+r—s)Pds < t_ar_ﬂ/ ds <ot
t—r t—

T

and complete the proof. O

A.2 Two types of Gronwall inequalities
Lemma A.4 (Gronwall’s inequality of Volterra’s type). Let T > 0 and «, 5 € [0,1) with

a+f < 1. Assume that f,g:[0,T] — Ry be two measurable functions satisfying that for
almost all t € (0,77,

ﬂw<aw+%4%—$ﬂ5%@m5

with some constant cq. Then there is a constant C = C(T,a, B,co) > 0 such that for
almost all t € (0,77,

FO <90+ C [ (=) gls)ds.
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Proof. We define

t
ri(t,s) = cot — s) s P, rup(t,s) = co/ (t —uw)"uPr,(u, s)du,

for any 0 < s <t < T. By [112, Lemma 2.1 and 2.2|, we only need to show that

‘Zrnts‘\ (t—s)” ag=h

with some constant C'. To this end, we give the following estimate by induction:
ra(t, s)| < g (M _gar) (t — 8) s P (t — s)"072A) >0 (A.2.1)

where ag :=1 and for £ > 1

a = o (K —a = B + k(1 —a = ")

We assume (A.2.1) holds for n. Then, by a change of variable one sees that
i 0:8)] € e (Mg [ (6= ) 7=
<c ”+1 (H” Oak) —p /t(t —u) (u— s)_a_ﬁJr”(l_a_'B)ds
= cpt! (szoak)s’ﬁ(t — 5)Totntl(-a=p) /1(1 — ) oy e Atnmamf g
0
and by Lemma A.2 we have

1
/ (1 —u) cu o Pl=2=Ads < a,q,
0
which implies (A.2.1) holds for n = n+ 1. By induction, we obtain (A.2.1). We note that
CLk Caﬁk}a 1
with some constant C, g which only depends on «, 3. Hence, we have

‘ i ra(t, s)
n=1

COC'QB (t —s)t—o ﬂ)

S o Z (n)i—o (t—s)s7"

CQC BTI a—p P o
COZ an' —a ) (t—s)""s" < Copeprlt—s) "7,

and complete the proof. O
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Lemma A.5 (Stochastic Gronwall’s inequality). [116, Lemma 2.8][91] Let £(t) and n(t)
be two nonnegative continuous Fi-adapted processes, A; a continuous nondecreasing F-
adapted process with Ag = 0, My a local martingale with My = 0. Suppose that

E(t) <n(t)+ /Otf(s)dAs + M, a.s. forallt>0.

Then for any 0 < qg<p<1andT >0, we have

a1 1/q 1 p
E ( sup §(t)> ] < (L) <Ee%) "E < sup n(t)) :
te[0,T) b—q t€[0,T)

A.3 Schauder estimates for parabolic equations

In this part, we consider the following parabolic equation
3tu = aij&-aju + f, Uy = 0, (A?)l)

where a = (a;;) ‘R? — R? x R? is a symmetric matrix-valued measurable function satis-
fying (H,) with the Holder parameter 6 € (0, 1).
The main result in this part is the following Schauder estimates.

Theorem A.6 (Schauder’s estimate). Assume (H,) holds with the Hélder parameter
6 € (0,1). Let T > 0, a € [0,1), f € C(0,T);C% and u be a classical solution of
(A.3.1). Then there is a constant C' = C(d, 0, ||a||ce,T) independent of w and f such that

sup (t%||u(t)||cz+e) < C sup (%] f(t)]lce) - (A.3.2)
te[0,T7] te[0,T]

First of all, for any z € R?, recall P?f := p? x f with

a(z *lx,r
exp(—< ( )4t >)

V(dnt)ddet(a(z))

In particular, we recall P,f = g; x f with

pi(x) =

gi() = (dmt) =200,

Then we introduce the following characterization of Holder space by using the heat semi-
group P,. We note that these types of characterizations are standard in harmonic analysis,
see [96, Page 142; Section 4.2], for instance, for the characterization of Holder space by
using Poisson kernel. We adopt here a Gaussian type heat semigroup to replace the Pois-
son one since it appears naturally in Duhamel’s formulal. Gaussian type heat semigroup
is also used to characterize a Holder-Dini continuous function in [106, Section 4.3].
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Lemma A.7. Let 0 € (0,1). There is a constant C' = C(d,0) such that for any f € C?
and t € (0,1),

IV*Piflloe < CE2" | flleo, kb =1,2. (A.3.3)

On the contrary, if

- i s (t l\v PtfHOO) < 0,

te(0,1
then there is a constant C = C(d, 0) such that for any x € R? and |y| < 1

[f(z +y) = f(2)] < Ceglyl”. (A.3.4)
Proof. For (A.3.3), by the fact

Vig(x)dr =0, k=12,

and the scaling g,(x) = t=%2g,(t7'/%z), we have

and obtain (A.3.3). For (A.3.4), given any ¢t € (0, 1), we make the following decomposition
[f(@+y) = f@) <[Pf(z+y) = Bf(@)] + [Pf(x+y) = [z +y)| +[Pf(z) = f(2)]
< |Y|IVPif]ls 05 P d O, P, f(x)ds|.
IRl +] [ 0P s+ as]+| [ 0P sas

We note that 0,P,f = AP, f and have

Faty) - F@)] < (ry\t 540 / d) (ol 42t

By taking ¢ = |y|?, we complete the proof. O]
Proof of Theorem A.6. We set

u (t,x) ==u(t,x +2), do(x):=alr+z) and [f*(t,x) = f(t,z+ 2).
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Then we have
8tuz = aij(z)aif)juz + (afj — az](z))aﬁjuz + fz,
which by Duhamel’s formula implies that
t t
ui(t) = / P}, ((afj — aij(z))aiajuz(s)) ds +/ P?  f*(s)ds.
0 0

For r € (0,1) and k = 1,2, taking operator V¥ P, V2 on the both sides we have

VPV (t x) = /t VPPV2PE (a5 — aij(2))0:0;u%(s)) (z)ds

ij
0

+ / t VEP.V2P?  f*(s)(x)ds.

0

Letting « = 0, one sees that
V*P,V?u(t, z) = V*P.V*u*(t,0)
= [ PRV (6, - as(:)00° ) (01
+ /0 VERYRPE A (5)(0)ds
= [ 5 e V@) (oo 2) = ()l +2)) s
b [ e VL@ 2) — s dads,
where we used the fact that

/Rd(vkgr * V2p2 ) (x)f(s,2)dz = 0.

Hence, we have
t
VEPV2ult, 2)| < / / VEg, % V2pr|(2)]el’s~ dads(% + F),
0 R4

where

U = sup (t°IIV?u(t)ll), F = sup (t*]f(t)]lce)-
te[0,T] t€[0,T7]
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We note that
IVEg, * V2pi_,|(x)

< ([ 19—l in) A ([ oo =9t 0l

kg2 kg2
5 (T‘ 2 A (t — 8) 2 ) /d gcr<x - y)gc(t—s) (y)dy
R

k2 +2

_kt2 kt2 k42
ST A=) oo (@) S 4= ) F g (@)
with some constant ¢ > 1, by the elementary estimate. Thus, we have
t
\VEP.V2u(t, 2)| < / (t+r— s)_kfs_a/ 21 Geir—sy (v)dads (% + F)
0 R4

2—6

t
< / (t47— ) sods(w + F)
0

<N U + T,
which is from Lemma A.3. In view of (A.3.4), we have

GAV%6w+y%—V%@wH
Pk

)g(azﬁy).

sup
te[0,77,ly[<1

Based on the following maximal principle

HMM@<AHﬂM@®§9, (A.3.5)

we have for some constant Cy = Cy(d, 0, T),

sup (t*||u(t)||cz+e) < Co(% + F).
te[0,7

By the following interpolation inequality (see [66, Theorem 3.2.1] for instance)

2(2

+6)
7 || flloo,  Vf E€CH,

2 o 1
IV2 Flloo < I FllE2 11 FIISST < Q—COHchM + (2Co)

where we used Young’s inequality in the second step, and maximal principle (A.3.5), we
have

sup (tY||u(t)||ce+e) < 2Co.F + C sup (t*||u(t)|l) < CF
te[0,7) t€[0,7]

with some constant C' > 0 and complete the proof. m

It should be noted that this method of proof is also used in [49, 23, 47, 46]. But
therein they used Littlewood-Paley decomposition and Besov space. In the present proof,
we only use semigroup FP; to characterize the Holder space.
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